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Quantum dynamics and thermalization for out-of-equilibrium f4 theory

S. Juchem, W. Cassing, and C. Greiner
Institut für Theoretische Physik, Universita¨t Giessen, D-35392 Giessen, Germany

~Received 29 July 2003; published 30 January 2004!

The quantum time evolution off4-field theory for a spatially homogeneous system in 211 space-time
dimensions is investigated numerically for out-of-equilibrium initial conditions on the basis of the Kadanoff-
Baym equations including the tadpole and sunset self-energies. Whereas the tadpole self-energy yields a
dynamical mass, the sunset self-energy is responsible for dissipation and an equilibration of the system. In
particular we address the dynamics of the spectral~‘‘off-shell’’ ! distributions of the excited quantum modes and
the different phases in the approach to equilibrium described by Kubo-Martin-Schwinger relations for thermal
equilibrium states. The investigation explicitly demonstrates that the only translation invariant solutions rep-
resenting the stationary fixed points of the coupled equation of motions are those of full thermal equilibrium.
They agree with those extracted from the time integration of the Kadanoff-Baym equations fort→`. Further-
more, a detailed comparison of the full quantum dynamics to more approximate and simple schemes such as
that of a standard kinetic~on-shell! Boltzmann equation is performed. Our analysis shows that the consistent
inclusion of the dynamical spectral function has a significant impact on relaxation phenomena. The different
time scales that are involved in the dynamical quantum evolution towards a complete thermalized state are
discussed in detail. We find that far off-shell 1↔3 processes are responsible for chemical equilibration, which
is missed in the Boltzmann limit. Finally, we briefly address the case of~bare! massless fields. For sufficiently
large couplingsl we observe the onset of Bose condensation, where our scheme within symmetricf4 theory
breaks down.
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I. INTRODUCTION

Nonequilibrium many-body theory or quantum fie
theory has become a major topic of research for describ
transport processes in nuclear physics, cosmological par
physics and condensed matter physics. The multidisciplin
aspect arises due to a common interest in understanding
various relaxation phenomena of quantum dissipative s
tems. Recent progress in cosmological observations has
intensified the research on quantum fields out of equilibriu
Some important questions in high-energy nuclear or part
physics at the highest energy densities are as follows~i!
How do nonequilibrium systems in extreme environme
evolve?~ii ! How do they eventually thermalize?~iii ! How do
phase transitions occur in real-time with possibly nonequi
rium remnants?~iv! How do such systems evolve for unpre
edented short and nonadiabatic time scales?

The very early history of the Universe provides scenari
in which nonequilibrium effects might have played an impo
tant role, such as in the~post-! inflationary epoque~see, e.g.,
Refs. @1–3#!, for the understanding of baryogenesis~see,
e.g., Ref.@1#! and also for the general phenomena of cosm
logical decoherence~see, e.g., Ref.@4#!. In modern nuclear
physics the understanding of the dynamics of heavy-ion
lisions at various bombarding energies has always bee
major motivation for research on nonequilibrium quantu
many-body physics and relativistic quantum field theori
since the initial state of a collision resembles an extre
nonequilibrium situation while the final state might even e
hibit a certain degree of thermalization. Indeed, at the p
ently highest energy heavy-ion collider experiments at
BNL Relativistic Heavy Ion Collider~RHIC!, where one ex-
pects to create experimentally a transient deconfined sta
0556-2821/2004/69~2!/025006~36!/$22.50 69 0250
g
le

ry
the
s-
lso
.

le

s

-

,
-

-

l-
a

,
e
-
s-
e

of

matter denoted as the quark-gluon plasma~QGP! @5#, there
are experimental indications—such as the build up of coll
tive flow—for an early thermalization accompanied with t
build up of a very large pressure. Furthermore, the phen
enon of disoriented chiral condensates~DCCs! during the
chiral phase transition has lead to a considerable progres
our understanding of nonequilibrium phase transitions
short time scales over the last decade~see, e.g., Refs.@6–8#!.
All these examples demonstrate that one needs anab initio
understanding of the dynamics of out-of-equilibrium qua
tum field theory.

The powerful method of the ‘‘Schwinger-Keldysh
@9–12# or ‘‘closed-time-path’’~CTP! ~nonequilibrium! real-
time Green functions has been shown to provide an ap
priate basis for the formulation of the special and comp
problems in the various areas of nonequilibrium quant
many-body physics. Within this framework one can deri
and find valid approximations—depending, of course, on
problem under consideration—by preserving overall con
tency relations. Originally, the resulting causal Dyso
Schwinger equation of motion for the one-particle Gre
function ~or two-point function!, i.e., the Kadanoff-Baym
~KB! equations@13#, has served as a basis for deriving va
ous transport phenomena and generalized transport e
tions. These equations might be considered as an ense
average over the initial density matrixr ( i )(t0)[u i &r i j

( i )^ j u
characterizing the preparation of the initial state of the s
tem, which can be far out of equilibrium. For review articl
on the Kadanoff-Baym equations in the various areas of n
equilibrium quantum physics we refer the reader to Re
@14–19#. We note in passing, that also the ‘‘influence fun
tional formalism’’ has been shown to be directly related
the KB equations@20#. Such a relation allows us to addre
©2004 The American Physical Society06-1
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inherent stochastic aspects of the latter and also to provi
rather intuitive interpretation of the various self-energy pa
that enter the KB equations. The presence of~quantum! noise
and dissipation—related by a fluctuation-dissipati
theorem—guarantees that the modes or particles of an o
system become thermally populated on average in the lo
time limit if coupled to an environmental heat bath@20#.

Furthermore, kinetic transport theory is a convenient t
to study many-body nonequilibrium systems, nonrelativis
or relativistic. Kinetic equations, which do play the cent
role in more or less all practical simulations, can be deriv
by means of appropriate KB equations within suitable
proximations. Hence, a major impetus in the past has bee
derive semiclassical Boltzmann-like transport equatio
within the standard quasiparticle approximation@21–23#.
Additionally, off-shell extensions by means of a gradient e
pansion in the space-time inhomogeneities—as already in
duced by Kadanoff and Baym@13#—have been formulated
for: a relativistic electron-photon plasma@24#, transport of
electrons in a metal with external electrical field@25#, trans-
port of nucleons at intermediate heavy-ion reactions@26#,
transport of particles inf4 theory@18,27#, transport of elec-
trons in semiconductors@19,28#, transport of partons or field
in high-energy heavy-ion reactions@29–32#, or a trapped
Bose system described by effective Hartree-Fo
Bogolyubov kinetic equations@33#. We recall that on the
formal level of the KB equations the various forms assum
for the self-energy have to fulfill consistency relations
order to preserve symmetries of the fundamental Lagran
@13,34,35#. This also allows for a unified treatment of stab
and unstable~resonance! particles. We will shortly come
back to this last development.

In nonequilibrium quantum field theory typically the no
perturbative description of~second-order! phase transitions
has been in the foreground of interest by means of me
field ~Hartree! descriptions@2,7,36–39#, with applications
for the evolution of disoriented chiral condensates or the
cay of the ~oscillating! inflaton in the early reheating era
‘‘Effective’’ mean-field dissipation ~and decoherence!—
solving the so-called ‘‘back-reaction’’ problem—was inco
porated by particle production through order parameters
plicitly varying in time. However, it had been soon realiz
that such a dissipation mechanism, i.e., transferring col
tive energy from the time-dependent order parameter to
ticle degrees of freedom, cannot lead to true dissipation
thermalization. Such a conclusion has already been kn
for quite some time within the effective description of heav
ion collisions at low energy. Full time-dependent Hartree
Hartree-Fock descriptions@40# were insufficient to describe
the reactions with increasing collision energy; addition
Boltzmann-like collision terms had to be incorporated in
der to provide a more adequate description of the collis
processes.

The incorporation of true collisions has also been form
lated for the various quantum field theories@18,41–44#. In
any case, the understanding and the influence of dissipa
with the chance for true thermalization—by incorporati
collisions—has become a major focus of recent investi
tions. The resulting equations of motion always resemble
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KB equations; in their general form@beyond the mean-field
or Hartree~-Fock! approximation# they do break time invari-
ance and thus lead to irreversibility. This macroscopic ir
versibility arises from the truncations of the full theory
obtain the self-energy operators in a specific limit. As
example, we mention the truncation of the~exact! Martin-
Schwinger hierarchy in the derivation of the collisional o
erator in Ref.@26# or the truncation of the~exact! BBGKY
hierarchy in terms ofn-point functions@26,45–51#.

In principle, the nonequilibrium quantum dynamics
nonperturbative in nature. Unphysical singularities only a
pear in a limited truncation scheme, e.g., ill-defined pin
singularities@52#, which arise at higher order in a perturb
tive expansion in out-of-equilibrium quantum field theor
are regularized by a consistent nonperturbative descrip
~of Schwinger-Dyson type! of the nonequilibrium evolution,
since the resummed propagators obtain a finite width@53#.
Such a regularization is also observed by other resumma
schemes such as the dynamical renormalization group t
nique developed recently@43#.

Although the analogy of KB-type equations to
Boltzmann-like process is quite obvious, this analogy is
from trivial. The full quantum formulation contains muc
more information than a semiclassical~generally! on-shell
Boltzmann equation. The dynamics of the spectral~i.e., ‘‘off-
shell’’! information is fully incorporated in quantum dynam
ics while it is missing in the Boltzmann limit. A full answe
to the question of quantum equilibration can thus only
obtained by a detailed numerical solution of the quant
description itself. This is the basic aim of our present stu

Before pointing out the scope of the present paper,
briefly address previous works that have investigated
merically approximate or full solutions of KB-type equa
tions. A seminal work was carried out by Danielewicz@54#,
who for the first time investigated the full KB equations f
a spatially homogeneous system with a deformed Fe
sphere in momentum space for the initial distribution of o
cupied momentum states in order to model the initial con
tion of a heavy-ion collision in the nonrelativistic domain.
comparison to a standard on-shell semiclassical Boltzm
equation the full quantum Boltzmann equation showed qu
titative differences, i.e., a larger collective relaxation time
complete equilibration of the momentum distributionf (p,t).
This ‘‘slowing down’’ of the quantum dynamics was attrib
uted to quantum interference and off-shell effects. Sim
quantum modifications in the equilibration and momentu
relaxation have been found in Ref.@21# and for a relativistic
situation in Ref.@55#. Particular emphasis was put in th
study @55,56# on nonlocal aspects~in time! of the collision
process and thus the potential significance of memory eff
on the nuclear dynamics. Full and more detailed solutions
nonrelativistic KB equations were performed by Ko¨hler
@57,58# with special emphasis on the build up of initia
many-body correlations on short time scales. Moreover,
role of memory effects has been clearly shown experim
tally by femtosecond laser spectroscopy in semiconduc
@59# in the relaxation of excitons. Solutions of quantu
transport equations for semiconductors@19,60#—to explore
relaxation phenomena on short time and distance scale
6-2
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have also become a very active field of research.
During the last years the description of nonequilibriu

real-time dynamics within the two-particle irreducible~2PI!
effective action formalism has regained strong interest. F
numerical studies in this context for the time evolution
relativistic quantum fields have been carried out forf4

theory in 111 dimensions within the three-loop approxim
tion of the effective action@61#. The method has also bee
applied to the homogeneousO(N) model performing a sys
tematic expansion in 1/N @62# or within the bare vertex ap
proximation @63#. All these calculations exhibit thermaliza
tion since true scattering processes are included, i.e., be
leading order. Thus the treatment within the 2PI effect
action remedies the shortcomings of one-particle irreduc
effective action approaches, that fail to show thermalizat
and do not reach the appropriate long-time limit@7,64#. The
investigations have been extended to the symmetry bro
phase where the bare vertex approximation resums a la
series than contained in the 2PI-1/N expansion at next-to
leading order @65–67#. Furthermore, first extraplorator
studies have been performed for theO(N) model in 311
dimensions also including a finite expectation value for
scalar field@68#. Very recently, a study in 311 dimensions
@69#—treating spherical symmetric distributions of mome
tum excitations for a coupled fermion-boson Yukawa-ty
system—has shown equilibration and thermalization in
fermionic as well as bosonic momentum occupation at
same temperature. Still, a detailed and quantitative inter
tation of the time scales found was not given.

While the aforementioned studies restrict to homogene
systems in space, there is a further branch dealing with g
eral inhomogeneous settings. The dynamical behavior
relativistic scalar self-interacting field theories in 111 space-
time dimensions is investigated within the Hartree and c
sical approximation in the symmetric or broken phase@70–
73#. Since true collisions are absent at the Hartree leve
thermalization is observed@70#. Only when additional en-
semble averaging is invoked are there hints for quan
equilibration at intermediate times and classical equilibrat
at large times@71,72#. The simulations have also been pe
formed for initial configurations relevant for heavy-ion co
lisions @74# as well as in the presence of semiclassical fi
configurations that lead to bound states such as topolog
defects@75# and phase interfaces@76#.

As already stressed, in the present study we will focus
particular on the full quantum dynamics of the spectral~i.e.,
‘‘off-shell’’ ! information contained in the nonequilibrium
single-particle spectral function. A discussion of this iss
was previously given in Ref.@77# by Aarts and Berges. Her
we want to show by using the spectral representation h
complete thermalization of all single-particle quantum flu
tuations will be achieved. In addition, the quantum dynam
of the spectral function is also a lively issue in the micr
scopic modeling of hadronic resonances with a broad m
distribution. This is of particular relevance for simulations
heavy-ion reactions@78–85#, where, e.g., theD resonance or
the r meson already show a large decay width in vacuu
Ther vector meson is an especially promising hadronic p
ticle for showing possible in-medium modifications in h
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and compressed nuclear matter~see, e.g., Refs.@85,86#!,
since the leptonic decay products are of only weakly int
acting electromagnetic nature. Indeed, the CERES exp
ment @87# at the SPS at CERN has found a significant e
hancement of lepton pairs for invariant masses below
pole of ther meson, giving evidence for such modification
Hence, a consistent formulation for the transport of e
tremely short-lived particles beyond the standard quasipa
cle approximation is needed. On the one side, purely for
developments exist starting from a first-order gradient exp
sion of the underlying KB equations@78,80,84#, while on the
other side, first practical realizations for various questio
have already emerged@79,81–83,88#. The general idea is to
obtain a description for the propagation of the off-shell ma
squaredM22M0

2. A fully ab initio investigation, however,
without any further approximations, does not exist so far

Our work is organized as follows. In Sec. II we wi
present the relevant equations for the nonequilibrium dyna
ics in case off4 theory, i.e., briefly derive the Kadanoff
Baym equations of interest. Section III is devoted to the fi
numerical studies on equilibration phenomena and separa
of time scales employing different initial configurations. Th
actual numerical algorithm used is described in Appendix
as well as the renormalization by counterterms in Appen
B in order to achieve ultraviolet convergent results. The
dividual phases of the quantum evolution are analyzed
more detail in Sec. IV, i.e., the initial build-up of correla
tions, the time evolution of the spectral functions and t
approach to chemical equilibrium. Furthermore, it is sho
that the solutions of the Kadanoff-Baym equations fort
→` yield the proper off-shell thermal state, i.e., the Gre
functions fulfill the Kubo-Martin-Schwinger~KMS! relation
in the long-time limit. Section V concentrates on appro
mate dynamical schemes, in particular, the well-known Bo
zmann limit. The solutions of the latter limit as well as fro
a simple relaxation approximation will be confronted wi
the numerical results from the Kadanoff-Baym equations.
close this work in Sec. VI with a summary of our finding
and a brief presentation of the results for massless B
fields. Appendix C discusses the most general choices for
initial conditions of the Kadanoff-Baym equations. Furthe
more, in Appendix D we present an efficient method for t
calculation of the self-consistent resummed spectral func
in thermal equilibrium for the present field theory, while Ap
pendix E addresses the stationary solution of the Boltzm
limit.

II. NONEQUILIBRIUM DYNAMICS FOR f4 THEORY

The scalarf4 theory is an example for a fully relativistic
field theory of interacting scalar particles that allows us
test theoretical approximations@48–50,61,77# without com-
ing to the problems of gauge-invariant truncation schem
@51#. Its Lagrangian density is given by@x5(t,x)#

L~x!5
1

2
]mf~x!]mf~x!2

1

2
m2f2~x!2

l

4!
f4~x!,

~2.1!
6-3
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JUCHEM, CASSING, AND GREINER PHYSICAL REVIEW D69, 025006 ~2004!
where m denotes the ‘‘bare’’ mass andl is the coupling
constant determining the interaction strength of the sc
fields.

A. The Kadanoff-Baym equations

As mentioned in the Introduction, a natural starting po
for nonequilibrium theory is provided by the closed-tim
path~CTP! method. Here all quantities are given on a spec
real-time contour with the time argument running from2`
to ` on the chronological branch (1) and returning from̀
to 2` on the antichronological branch (2). In the cases of
systems prepared at timet0 this value is~instead of2`) the
start and end point of the real-time contour. In particular
path-ordered Green functions are defined as

G~x,y!5^Tp$f~x!f~y!%&

5Qp~x02y0!^f~x!f~y!&

1Qp~y02x0!^f~y!f~x!&, ~2.2!

where the operatorTp orders the field operators according
the position of their arguments on the real-time path as
complished by the path step-functionsQp . The expectation
value in Eq.~2.2! is taken with respect to some given dens
matrix r0, which is constant in time, while the operators
the Heisenberg picture contain the whole information of
time dependence of the nonequilibrium system.

Self-consistent equations of motion for these Green fu
tions can be obtained with help of the two-particle irredu
ible ~2PI! effective actionG@G#. It is given by the Legendre
transform of the generating functional of the connec
Green functionsW as

G@G#5G01
i

2
@ ln~12(pG0(pS!1(pG(pS#1F@G#

~2.3!

in the case of vanishing vacuum expectation va
^0uf(x)u0&50 @34#. In Eq. ~2.3! G0 depends only on free
Green functionsG0 and is treated as a constant with resp
to variation, while the symbols(p represent convolution
integrals over the closed-time-path with the contour speci
above. The functionalF is the sum of all closed 2PI dia
grams built up by full propagatorsG; it determines the self-
energies by functional variation as

S~x,y!52i
dF

dG~y,x!
. ~2.4!

From the effective action~2.3! the equations of motion fo
the Green function are obtained by the stationarity condit

dG

dG
50 ~2.5!

giving the Dyson-Schwinger equation for the full pat
ordered Green function as

G~x,y!215G0~x,y!212S~x,y!. ~2.6!
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In our present calculation we take into account contributio
up to the three-loop order for theF functional ~see Fig. 1!,
which reads explicitly

iF5
il

8 E
p
dd11xG~x,x!22

l2

48Ep
dd11xE

p
dd11y G~x,y!4,

~2.7!

where d denotes the spatial dimension of the problemd
52 in the case considered below!.

This approximation corresponds to a weak coupling
pansion such that we consider contributions up to the sec
superficial order in the coupling constantl ~see Fig. 2!. For
the superficial coupling constant order we count the expl
coupling factorsl associated with the visible vertices. Th
hidden dependence on the coupling strength—which is
plicitly incorporated in the self-consistent Green functio
that build up theF-functional and the self-energies—is ig
nored on that level. For our present purpose this approxi
tion is sufficient since we include the leading mean-field
fects as well as the leading order scattering processes
pave the way to thermalization.

For the actual calculation it is advantageous to chang
a single-time representation for the Green functions and s
energies defined on the closed-time-path. In line with
position of the coordinates on the contour there exist f
different two-point functions

iGc~x,y!5 iG11~x,y!5^Tc$f~x!f~y!%&,

iG,~x,y!5 iG12~x,y!5^$f~y!f~x!%&,

iG.~x,y!5 iG21~x,y!5^$f~x!f~y!%&, ~2.8!

FIG. 1. Contributions to theF functional for the Kadanoff-
Baym equation: two-loop contribution~LHS! giving the tadpole
self-energy and three-loop contribution~RHS! generating the sunse
self-energy. TheF-functional is built up by full Green functions
~double lines! while open dots symbolize the integration over t
internal coordinates.

FIG. 2. Self-energies of the Kadanoff-Baym equation: tadp
self-energy~LHS! and sunset self-energy~RHS!. Since the lines
represent full Green functions the self-energies are self-consis
~see text! with the external coordinates indicated by full dots.
6-4
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iGa~x,y!5 iG22~x,y!5^Ta$f~x!f~y!%&.

Here Tc(Ta) represent the~anti-!time-ordering operators in
case of both arguments lying on the~anti!chronological
branch of the real-time contour. These four functions are
independent of each other. In particular the noncontinu
functionsGc andGa are built up by the Wightman function
G. and G, and the usualQ functions in the time coordi-
nates. Since for the real bosonic theory~2.1! the relation
G.(x,y)5G,(y,x) ~2.8! holds, the knowledge of the Gree
functionsG,(x,y) for all x,y characterizes the system com
pletely. Nevertheless, we will give the equations forG, and
G. explicitly since this is the familiar representation f
general field theories@27#.

By using the stationarity condition for the action~2.5! and
resolving the time structure of the path ordered quantitie
the Dyson-Schwinger equation~2.6! we obtain the Kadanoff-
Baym equations for the time evolution of the Wightm
functions@27,61#

2@]m
x ]x

m1m2#G:~x,y!

5Sd~x!G:~x,y!

1E
t0

x0
dz0E ddz @S.~x,z!2S,~x,z!#G:~z,y!

2E
t0

y0
dz0E ddz S:~x,z!@G.~z,y!2G,~z,y!#,

2@]m
y ]y

m1m2#G:~x,y!

5Sd~y!G:~x,y!

1E
t0

x0
dz0E ddz @G.~x,z!2G,~x,z!#S:~z,y!

2E
t0

y0
dz0E ddz G:~x,z!@S.~z,y!2S,~z,y!#.

~2.9!

Here the path-ordered self-energy has been divided in
local contribution Sd and a nonlocal one, which can b
expressed—analogously to the Green functions~2.2!—by a
sum over pathQ functions. The self-energy entering th
Dyson-Schwinger equation~2.6! is thus written as

S~x,y!5Sd~x!dp
(d11)~x2y!1Qp~x02y0!S.~x,y!

1Qp~y02x0!S,~x,y!. ~2.10!

Within the three-loop approximation for the 2PI effectiv
action@i.e., theF-functional~2.7!# we get two different self-
energies: In leading order of the coupling constant only
local tadpole diagram~LHS of Fig. 2! contributes and lead
to the generation of an effective mass for the field quan
This self-energy~in coordinate space! is given by

Sd~x!5
l

2
iG,~x,x!. ~2.11!
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In next order in the coupling constant~i.e., l2) the nonlocal
sunset self-energy~RHS of Fig. 2! enters the time evolution
as

S:~x,y!52
l2

6
G:~x,y!G:~x,y!G"~y,x!

52
l2

6
@G:~x,y!#3. ~2.12!

Thus the Kadanoff-Baym equation~2.9! in our case includes
the influence of a mean-field on the particle propagation
generated by the tadpole diagram—as well as scattering
cesses as inherent in the sunset diagram.

The Kadanoff-Baym equation~2.9! describes the full
quantum nonequilibrium time evolution on the two-poi
level for a system prepared at an initial timet0, i.e., when
higher order correlations are discarded. The causal struc
of this initial value problem is obvious since the time int
grations are performed over the past up to the actual timex0
~or y0, respectively! and do not extend to the future.

Furthermore, also linear combinations of the Green fu
tions in single time representation are of interest. The
tarded Green functionGR and the advanced Green functio
GA are given as

GR~x,y!5Q~x02y0!@G.~x,y!2G,~x,y!#

5Q~x02y0!^@f~x!,f~y!#2&, ~2.13!

GA~x,y!52Q~y02x0!@G.~x,y!2G,~x,y!#

52Q~y02x0!^@f~x!,f~y!#2&. ~2.14!

These Green functions contain exclusively spectral, but
statistical information of the system. Their time evolution
given by

2@]m
x ]x

m1m21Sd~x!#GR/A~x,y!

5d (d11)~x2y!1E dd11z SR/A~x,z!GR/A~z,y!,

~2.15!

where the retarded and advanced self-energiesSR, SA are
defined viaS., S, similar to the Green functions~2.13! and
~2.14!. Thus the retarded~advanced! Green functions are de
termined by retarded~advanced! quantities, only.

B. Homogeneous systems in space

In the following we will restrict to homogeneous system
in space. In order to obtain a numerical solution t
Kadanoff-Baym equation~2.9! is transformed to momentum
space:
6-5
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] t1
2 G,~p,t1 ,t2!

52@p 21m21S̄d~ t1!#G,~p,t1 ,t2!

2E
t0

t1
dt8@S.~p,t1 ,t8!2S,~p,t1 ,t8!#G,~p,t8,t2!

1E
t0

t2
dt8S,~p,t1 ,t8!@G.~p,t8,t2!2G,~p,t8,t2!#

52@p 21m21S̄d~ t1!#G,~p,t1 ,t2!1I 1
,~p,t1 ,t2!,

~2.16!

where we have summarized both memory integrals into
function I 1

, . The equation of motion in the second time d
rection t2 is given analogously.

In two-time and momentum space (p,t,t8) representation
the self-energies in Eq.~2.16! read

S̄d~ t !5
l

2E ddp

~2p!d
iG,~p,t,t !,

S:~p,t,t8!52
l2

6 E ddq

~2p!dE ddr

~2p!d
G:~q,t,t8!

3G:~r ,t,t8!G:~p2q2r ,t,t8!. ~2.17!

For the numerical solution of the Kadanoff-Baym equatio
~2.16! we have developed a flexible and accurate algorith
which is described in more detail in Appendix A. Furthe
more, a straightforward integration of the Kadanoff-Bay
equations~2.16! in time does not lead to meaningful resu
since in 211 space-time dimensions both self-energ
~2.17!, ~2.18! are ultraviolet divergent. We note that due
the finite massm adopted in Eq.~2.1! no problems arise from
the infrared momentum regime. The ultraviolet regime, ho
ever, has to be renormalized by introducing proper coun
terms. The details of the renormalization scheme are give
Appendix B as well as a numerical proof for the convergen
in the ultraviolet regime.

III. FIRST NUMERICAL STUDIES ON EQUILIBRATION

In the following sections we will use the renormalize
massm51, which implies that times are given in units o
the inverse mass ort•m is dimensionless. Accordingly, th
couplingl in Eq. ~2.1! is given in units of the massm such
that l/m is dimensionless, too.

As already observed in the~111!-dimensional case@62#
the mean-field term, generated by the tadpole diagram, d
not lead to an equilibration of arbitrary initial momentu
distributions since it only modifies the propagation of t
particles by the generation of an effective mass. Our ca
lations lead to the same findings and thus we skip an exp
presentation of the actual results. Accordingly, thermalizat
in 211 dimensions requires the inclusion of the collision
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self-energies as generated by the sunset diagram. All ca
lations to be shown in the following consequently invol
both self-energies.

A. Initial conditions

In order to investigate equilibration phenomena on
basis of the Kadanoff-Baym equations for our~211!-
dimensional problem, we first have to specify the initial co
ditions for the time integration. This is a problem of its ow
and discussed in more detail in Appendix C. For our pres
study we consider four different initial distributions that a
all characterized by the same energy density~see Sec. IV A
for an explicit representation!. Consequently, for large time
(t→`) all initial value problems should lead to the sam
equilibrium final state. The initial equal-time Green functio
G,(p,t50,t50) adopted are displayed in Fig. 3~upper
part! as a function of the momentumpx ~for py50). We
concentrate here on polar symmetric configurations due

FIG. 3. Initial Green functionsiG,(upu,t50,t50) ~upper part!
and corresponding initial distribution functionsn(upu,t50) ~lower
part! for the distributions D1, D2, D3, and DT in momentum spa
~for a cut of the polar symmetric distribution in thepx direction for
py50).
6-6
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the large numerical expense for this investigation.1 Since the
equal-time Green functionsG,(p,t,t)[Gff

, (p,t,t) are
purely imaginary, we show only the real part ofiG, in
Fig. 3. Furthermore, the corresponding initial distributi
functions in the occupation densityn(p,t50), related to
iG,(p,t50,t50) via

2vpiGff
, ~p,t50,t50!5n~p,t50!1n~2p,t50!11,

~3.1!

are shown in Fig. 3 in the lower part. For an explicit rep
sentation of the other Green functionsGfp

, , Gpf
, , andGpp

,

~see Appendix A! at initial time t0 we refer to the discussion
of the general initial conditions in Appendix C. While th
initial distributions D1, D2, D3 have the shape of~polar
symmetric! ‘‘tsunami’’ waves @39# with maxima at different
momenta inpx , the initial distribution DT corresponds to
free Bose gas at a given initial temperatureT0'1.736m that
is fixed by the initial energy density. According to Eq.~3.1!
the difference between the Green functions and the distr
tion functions is basically given by the vacuum contributio
which has its maximum at small momenta. Thus even for
distributions D1, D2, D3 the corresponding Green functio
are nonvanishing forupu'0.

Since we consider a finite volumeV5a2 we work in a
basis of momentum modes characterized by the numbe
nodes in each direction. The number of momentum mode
typically in the order of 40; we checked that all our resu
are stable with respect to an increasing number of basis s
and do not comment on this issue any more, since this
strictly necessary condition for our analysis. For timest,0
we consider the systems to be noninteracting and switch
the interaction (;l) for t50 to explore the quantum dy
namics of the interacting system fort.0. We directly step
on with the actual numerical results.

B. Equilibration in momentum space

The time evolution of various~selected! momentum
modes of the equal-time Green function for the different i
tial states D1, D2, D3, and DT is shown in Fig. 4, where t
dimensionless timet•m is displayed on a logarithmic scale
We observe that starting from very different initi
conditions—as introduced in Fig. 3—the single moment
modes converge to the same respective numbers for l
times as characteristic for a system in equilibrium. As no
above, the initial energy density is the same for all distrib
tions and energy conservation is fulfilled strictly in the tim
integration of the Kadanoff-Baym equations. The differe
momentum modes in Fig. 4 typically show a three-pha
structure. For small times (t•m,10) one finds damped os
cillations that can be identified with a typical switching o
effect at t50, where the system is excited by a sudden
crease of the coupling constant tol/m518. Here dephasing
and relaxation of the initial conditions happen on a tim

1In Sec. V we will also present calculations for nonsymmet
systems.
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scale of the inverse damping rate~see Appendix C!. We note
in passing that one might also start with an effective init
massm* including the self-consistent tadpole contributio
@62#, however, our numerical solutions showed no signific
difference for the equilibration process such that we disc
an explicit representation. The damping of the initial oscil
tions depends on the coupling strengthl/m and is more
pronounced for strongly coupled systems.

For ‘‘intermediate’’ time scales (10,t•m,500) one ob-
serves a strong change of all momentum modes in the di
tion of the final stationary state. We address this phase
‘‘kinetic’’ equilibration and point out, that—depending o
the initial conditions and the coupling strength—the mome
tum modes can temporarily even exceed their respec
equilibrium value. This can be seen explicitly for the lowe
momentum modes (upu/m50.0, 0.8) of the distribution D1
~long dashed lines! in Fig. 4, which possesses initiall
maxima at small momentum. Thus the time evolution
wards the final equilibrium value is—after an initial pha
with damped oscillations—not necessarily monotonic. F
different initial conditions this behavior may be weaken
significantly as seen for example in case of the initial dis
bution D2~short dashed lines! in Fig. 4. Coincidentally, both
calculations D1 and D2 show approximately the same eq
time Green function values for timest•m.80. Note, that for
the initial distribution D3~dotted lines! the nonmonotonic
behavior is not seen any more.

In general, we observe that only initial distributions~of
the well type! show this feature during their time evolution
if the maximum is located at sufficiently small moment
Initial configurations such as the distribution DT~solid
lines!—where the system initially is given by a free gas
particles at a temperatureT0—do not show this property. We

FIG. 4. Time evolution of selected momentum modes of
equal-time Green functionupu/m5 0.0, 0.8, 1.6, 2.4, 3.2~from top
to bottom! for four different initial configurations D1, D2, D3, and
DT ~characterized by the different line types! with the same energy
density. For the rather strong coupling constantl/m518 the initial
oscillations—from switching on the interaction att50—are
damped rapidly and disappear fort•m.10. Finally, all momentum
modes assume the same respective equilibrium value for long t
(t•m.500) independent of the initial state.
6-7
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also remark that this ‘‘overshooting’’—as in the particul
case of D1—isnot observed in a simulation with a kineti
Boltzmann equation~see Appendix E!. Hence this highly
nonlinear effect must be attributed to quantal off-shell a
memory effects not included in the standard Boltzma
limit. Although the DT distribution is not the equilibrium
state of the interacting theory, the actual numbers are m
closer to the equilibrium state of the interacting system th
the initial distributions D1, D2, and D3. Therefore, the ev
lution for DT proceeds less violently. We point out that
contrast to the calculations performed forf4 theory in 111
space-time dimensions@62# we find no power law behavio
for intermediate time scales.

The third phase, i.e., the late time evolution (tm.300) is
characterized by a smooth approach of the single momen
modes to their respective equilibrium values. As we will s
in Sec. IV D this phase is adequately characterized by che
cal equilibration processes. The three phases address
context with Fig. 4 will be investigated and analyzed in mo
detail in the following section.

IV. THE DIFFERENT PHASES OF QUANTUM
EQUILIBRATION

A. Build up of initial correlations

The time evolution of the interacting system within th
standard Kadanoff-Baym equations is characterized by
build up of early correlations. This can be seen from Fig
where all contributions to the energy density@34# are dis-
played separately as a function of time with the initial val
ia
le
f
z-
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at t050 subtracted. The kinetic energy density«kin is repre-
sented by all parts of« tot that are independent of the couplin
constant (}l0). All terms proportional tol1 are summarized
by the tadpole energy density« tad including the actual tad-
pole term as well as the corresponding tadpole mass co
terterm~see Appendix B!. The contributions from the sunse
diagram (}l2)—again given by the correlation integral a
well as by the sunset mass counterterm~see Appendix B!—
are represented by the sunset energy density«sun:

FIG. 5. Change of the different contributions to the total ene
density in time. The sunset energy density«sun decreases rapidly in
time; this contribution is approximately compensated by an incre
of the kinetic energy density«kin . Together with the smaller tadpol
contribution« tad the total energy density« tot is conserved.
~4.1!
es
rgy
the

p-
The calculation in Fig. 5 has been performed for the init
distribution DT~which represents a free gas of Bose partic
at temperatureT0'1.736m) with a coupling constant o
l/m518. This state is stationary in the well-known Bolt
mann limit ~see Sec. V!, but it is not for the Kadanoff-Baym
l
s
equation. In the full quantum calculation the system evolv
from an uncorrelated initial state and the correlation ene
density«sun decreases rapidly with time. The decrease of
correlation energy«sun which is—with the exception of the
sunset mass counterterm contribution—initially zero is a
6-8
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
proximately compensated by an increase of the kinetic
ergy density«kin . Since the kinetic energy increases in t
initial phase, the final temperatureTf is slightly higher than
the initial ‘‘temperature’’ T0. The remaining difference is
compensated by the tadpole energy density« tad such that the
total energy density is conserved.

While the sunset energy density and the kinetic ene
density always show a time evolution comparable to Fig
the change of the tadpole energy density depends on
initial configuration and may be positive as well. Since t
self-energies are obtained within aF-derivable scheme the
fundamental conservation laws, such as, e.g., energy co
vation, are respected to all orders in the coupling const
When neglecting the}l2 sunset contributions and startin
with a nonstatic initial state of identical energy density o
observes the same compensating behavior between th
netic and the tadpole terms.

From Fig. 5 one finds that the system correlates in a v
short time (t•m,1) in comparison to the time for complet
equilibration. The time to build up the correlationstcor is
rather independent of the interaction strength as seen f
Fig. 6, where calculations with the same initial state DT
compared for several coupling constantsl/m52220 in
steps of 2. For all couplingsl/m the change of the correla
tion energy density here has been normalized to
asymptotic correlation strength (t•m.10). Figure 6 shows
that the correlation timetcor ~which we define by the position
of the first maximum! is approximately the same for all cou
pling constants. Within our definition the correlation time
tcor•m'0.16 for all couplingsl. This result is in line with
the KB studies of nonrelativistic nuclear matter problem
where the same independence from the coupling strength
been observed for the correlation time@58#. A similar result
has, furthermore, been obtained within the correlation
namical approach of Ref.@46#. Thus quantum systems appa
ently correlate on time scales that are very short compare

FIG. 6. Normalized change of the correlation energy density«cor

for various coupling constantsl/m52220 in steps of 2 for the
same initial distribution DT. The normalization has been perform
with respect to the asymptotic correlation strength~for t•m.10).
The systems correlate approximately independent from the coup
strength aftertcor•m'0.16.
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‘‘kinetic’’ or ‘‘chemical’’ equilibration time scales.
The question now arises how such short time scales c

about. We recall, that equations of motion containi
memory integrals, such as the Kadanoff-Baym equations,
the inevitable result of a reduction of multiparticle dynami
to the one-body level which induces phase correlations
the history of the system@89,90#. This is similar to the situ-
ation encountered in the derivation of the standard Bo
mann equation, which only holds if one can separate
tween two time scalestcor!t rel ~relaxation time scale!,
distinguishing between rapidly changing~‘‘irrelevant’’ ! ob-
servables and smoothly behaving~‘‘relevant’’ ! observables.
Indeed, it had been shown for a nucleonic system@56# that
such a finite memory in the collision process may have
profound influence on thermalization for medium-ener
nuclear reactions. In any case, a finite correlation time
generated by first a constructive and then destructive in
ference of the various scattering channels building up
times going more and more in the past. For a fermionic s
tem typical memory kernels for the collision integral a
given in Refs.@55–57#. The structure of such memory ke
nels is governed by the off-shell behavior and the pha
space average of the two-particle scattering amplitude, i.

tmem;
\

^DE&
. ~4.2!

Of present concern is now the formation of the correlat
energy and not the memory kernels of the collisional in
grals, although they are closely related. The explicit corre
tion part of «sun contains the momentum integral over th
function I 1

,(p,t,t), which itself is given by a memory inte
gral over time as stated in Eq.~A4! in Appendix A. From the
explicit expression one notices thatI 1

,(p,t50,t50)[0 and
for small times builds up coherently by the various ‘‘scatte
ing’’ contributions. For a fermionic system describing co
nuclear matter, similar expressions for the collisional ene
density have been found and analyzed in detail by Ko¨hler
and Morawetz@58#. It has been found that the time to buil
up correlation energy by collisions from an initially uncorr
lated system is given bytcor'2\/EF , whereEF denotes the
Fermi energy. The memory integrals ofI 1

,—or those enter-
ing the quantal transport equations—can also contain cla
cal contributions. For a dilute and equilibrated Maxwe
Boltzmann gas of nonrelativistic particles at fini
temperatureT and assuming a static, Gaussian interact
potential V(r )5V0exp(2r2/r0

2), the various kernels can b
worked out analytically@15,58,90#. The correlation time is
then given by

tcor'Ar 0
2m/T1~\/T!2. ~4.3!

The first part reflects the intuitive expectation, i.e., the tim
classical particle passes through the range of a potential
second part reflects the average temporal extent assoc
with the time-energy uncertainty relation induced by t
characteristic~off-shell! energy scale in a typical collision
For our present situation, i.e., a relativistic bosonic the
interacting via a four-point coupling, the temperature defin

d

ng
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JUCHEM, CASSING, AND GREINER PHYSICAL REVIEW D69, 025006 ~2004!
the only scale. Hence,tcor'\/T, which is a pure quanta
effect. This estimate is in agreement with our numerical fin
ings.

B. Time evolution of the spectral function

Within the Kadanoff-Baym calculations the full quantu
information of the two-point functions is retained. Cons
quently, one has access to the spectral properties of the
equilibrium system during its time evolution. A similar stud
has been carried out for 111 dimensions in Ref.@77#. The
spectral functionA(x,y) for the present settings is given b

A~x,y!5^@f~x!,f~y!#2&5 i @G.~x,y!2G,~x,y!#.
~4.4!

From our dynamical calculations the spectral function
Wigner space for each system timet5(t11t2)/2 is obtained
via Fourier transformation with respect to the relative tim
coordinateDt5t12t2:

A~p,p0 ,t !5E
2`

`

dDt exp~ iDtp0!

3A~p,t15t1Dt/2,t25t2Dt/2!. ~4.5!

We note that a damping of the functionA(p,t1 ,t2) in relative
time Dt corresponds to a finite widthG of the spectral
function in Wigner space. This width in turn can be inte
preted as the inverse life time of the interacting scalar p
ticle. We recall, that the spectral function—for all timest and
for all momentap—obeys the normalization

E
2`

` dp0

2p
p0A~p,p0 ,t !51, ;p,t, ~4.6!

which is nothing but a reformulation of the equal-time co
mutation relation.

In Fig. 7 we display the time evolution of the spectr
function for the initial distributions D1, D2, D3, and DT fo
two different momentum modesupu/m50.0 and upu/m
52.0. Since the spectral functions are antisymmetric in
ergy for the momentum symmetric configurations cons
ered, i.e.,A(p,2p0 ,t)52A(p,p0 ,t), we only show the
positive energy part. For our initial value problem in tw
times and momentum space the Fourier transforma
~4.5! is restricted for system timest to an interval
DtP@22t,2t#. Thus in the very early phase the spect
function assumes a finite width already due to the limi
support of the Fourier transform in the time interval and
Wigner representation is not very meaningful. We, therefo
present the spectral functions for various system timet
starting fromt•m515 up tot•m5480.

For the free thermal initialization DT the evolution of th
spectral function is very smooth and comparable to
smooth evolution of the equal-time Green function as d
cussed in Sec. III. In this case the spectral function is alre
close to the equilibrium shape at small times being initia
only slightly broader than for late times. The maximum
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the spectral function~for all momenta! is higher than the
~bare! on-shell value and nearly keeps its position during
whole time evolution. This results from a positive tadpo
mass shift, which is only partly compensated by a downw
shift originating from the sunset diagram.

The time evolution for the initial distributions D1, D2
and D3 has a richer structure. For the distribution D1
spectral function is broad for small system times~see the line
for t•m515) and becomes a little sharper in the course
the time evolution~as presented for the momentum mo
upu/m50.0 as well as forupu/m52.0). In line with the de-
crease in width the height of the spectral function is incre
ing @as demanded by the normalization property~4.6!#. This
is indicated by the small arrow close to the peak positi
Furthermore, the maximum of the spectral function~which is
approximately the on-shell energy! is shifted slightly up-
wards for the zero mode and shifted downwards for the m
with higher momentum being always higher than the vacu
on-shell value.

For the initial distribution D3 we find the opposite beha
ior. Here the spectral function is quite narrow for early tim
and increases its width during the time evolution as obser
for both momentum modes. Especially in the case ofupu/m
52.0 the width for early times is so small that the spect
function shows oscillations originating from the finite ran
of the Fourier transformation from relative time to energ
Although we have already increased the system time for
first curve to t•m521 ~for t•m515 the oscillations are
much stronger! the spectral function is not fully resolved
i.e., it is not sufficiently damped in relative timeDt in the
interval available for the Fourier transform. For later tim
the oscillations vanish and the spectral function tends to
common equilibrium shape.

The time evolution of the spectral function for the initi
distribution D2 is in between the last two cases. Here
spectral function develops~at intermediate times! a slightly
higher width than in the beginning before it is approachi
the narrower static shape again. The corresponding evolu
of the maximum is again indicated by the~bent! arrow. Fi-
nally, all spectral functions show the~same! equilibrium
form represented by the solid gray line.

As already observed in Sec. III for the equal-time Gre
functions, we emphazise, that there is no unique time ev
tion for the nonequilibrium systems. In fact, the evolution
the system during the equilibration process depends on
initial conditions. Our findings are slightly different from th
conclusions drawn in Ref.@77# stating that the Wigner trans
formed spectral function is slowly varying, which might b
due to the lower dimension. Still the time dependence of
spectral function is moderate enough, such that one m
also work with some time averaged or even the equilibri
spectral function. In order to investigate this issue in mo
quantitative detail, we concentrate on the maxima and wid
of the spectral functions in the following.

Since the solution of the Kadanoff-Baym equation pr
vides the full spectral information for all system times t
evolution of the on-shell energies can be studied as wel
6-10
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FIG. 7. Time evolution of the
spectral functionA(p,p0 ,t) for
the initial distributions D1, D2,
D3, and DT~from top to bottom!
with coupling constantl/m518
and for the two momentaupu/m
50.0 ~LHS! and upu/m52.0
~RHS!. The spectral function is
shown for several timestm515,
30, 60, 120, 240, 360, 480 as in
dicated by the different line types
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the spectral widths. In Fig. 8 we display the time depende
of the on-shell energiesv(p,t)—defined by the maximum o
the spectral function—of the momentum modesupu/m50.0
~LHS! andupu/m52.0 ~RHS! for the four initial distributions
D1, D2, D3, and DT. We see that the on-shell energy for
zero momentum mode increases with time for the initial d
tribution D1 and to a certain extent for the free thermal d
tribution DT ~as can be also extracted from Fig. 7!. The
on-shell energy of distribution D3 shows a monotonic d
crease during the evolution while it passes through a m
mum for distribution D2 before joining the line for the in
tialization D1. For momentumupu/m52.0 a rather opposite
behavior is observed. Here the on-shell energy for distri
tion D1 ~and less pronounced for the distribution DT! are
02500
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e
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reduced in time whereas it is increased in the case of D3.
result for the initialization D2 is monotonous for this mod
and already matches the one for D1 for moderate times. T
we find that the time evolution of the on-shell energies n
only depends on the initial conditions, but might also
different for various momentum modes. It turns out—for t
initial distributions investigated—that the above describ
characteristics change aroundupu/m51.5 and are retained
for larger momenta~not presented here!.

Furthermore, we show in Fig. 9 the time evolution of t
on-shell width for the usual momentum modes and differ
initial distributions. The on-shell widthgv is given by the
imaginary part of the retarded sunset self-energy at the
shell energy of each respective momentum mode as
6-11
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gv~p,t !5
22 ImSR@p,v~p,t !,t#

2v~p,t !
5

G@p,v~p,t !,t#

2v~p,t !
.

~4.7!

As already discussed in connection with Fig. 7 we obse
for both momentum modes a strong decrease of the on-s
width for the initial distribution D1~long dashed lines! asso-
ciated with a narrowing of the spectral function. In contra
the on-shell widths of distribution D3~dotted lines! increase
with time such that the corresponding spectral functio
broaden towards the common stationary shape. For the
tialization D2 ~short dashed lines! we observe a nonmono
tonic evolution of the on-shell widths connected with
broadening of the spectral function at intermediate tim
Similar to the case of the on-shell energies we find, that
results for the on-shell widths of the distributions D1 and
coincide well above a certain system time. As expected fr
the lower plots of Fig. 7, the on-shell width for the fre

FIG. 8. Time evolution of the on-shell energiesv(p,t) of the
momentum modesupu/m50.0 andupu/m52.0 for the different ini-
tializations D1, D2, D3, and DT withl/m518. The on-shell self-
energies are extracted from the maxima of the time-dependent s
tral functions.
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thermal distribution DT~solid lines! exhibits only a weak
time dependence with a slight decrease in the initial phas
the time evolution.

In summarizing this subsection we point out, that there
no universal time evolution of the spectral functions for t
initial distributions considered. Peak positions and wid
depend on the initial configuration and evolve differently
time. However, we find only effects in the order of,10%
for the on-shell energies in the initial phase of the syst
evolution and initial variations of,50% for the widths of
the dominant momentum modes. Thus, depending on
physics problem of interest, one might eventually discard
explicit time dependence of the spectral functions and ad
the equilibrium shape.

C. The equilibrium state

In Sec. III we have seen that arbitrary initial momentu
configurations of the same energy density approach a sta
ary limit for t→`, which is the same for all initial distribu-
tions. In this subsection we will investigate, whether th
stationary state is the proper thermal state for interac
Bose particles.

ec-

FIG. 9. Time evolution of the on-shell widths2Im SR@p,
v(p,t),t#/v(p,t) of the momentum modesupu/m50.0 andupu/m
52.0 for the different initializations D1, D2, D3, and DT wit
l/m518.
6-12
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This question has already been addressed in Ref.@44# for
anO(N)-invariant scalar field theory with unbroken symm
try. There it was shown that in the next-to-leading ord
~NLO! approximation the only translational invariant sol
tions are thermal ones. The importance of using the N
approximation lies in the fact that—in contrast to the lead
order~LO! calculation—scattering processes are included
the propagation which provide thermalization. Furthermo
the correlations induced by scattering lead to a nontriv
spectral function, whereas in the LO approximation one
tains thed-function quasiparticle shape. Additionally, in th
NLO calculation particle number nonconserving proces
are allowed that lead to a change of the chemical potentiam,
which approaches zero in the equilibrium state in agreem
with the expectations for a neutral scalar theory without c
served quantum numbers.

As shown before, in our present calculations within t
three-loop approximation of the 2PI effective action we d
scribe kinetic equilibration via the sunset self-energies
also obtain a finite width for the particle spectral function.
is not obvious, however, if the stationary state obtained
t→` corresponds to the proper equilibrium state.

In order to clarify the nature of the asymptotic stationa
state of our calculations we first change into Wigner spa
The Green function and the spectral function in energyp0
are obtained by Fourier transformation with respect to
relative timeDt5t12t2 at every system timet5(t11t2)/2
@see Eq.~4.5!#

G:~p,p0 ,t !5E
2`

`

dDt exp~ ip0Dt !

3G:~p,t15t1Dt/2,t25t2Dt/2!, ~4.8!

A~p,p0 ,t !5E
2`

`

dDt exp~ ip0Dt !

3A~p,t15t1Dt/2,t25t2Dt/2!. ~4.9!

We recall that the spectral function~4.9! can also be obtained
directly from the Green functions in Wigner space by E
~4.4!

A~p,p0 ,t !5 i @G.~p,p0 ,t !2G,~p,p0 ,t !#. ~4.10!

Now we introduce the energy and momentum dependent
tribution functionN(p,p0 ,t) at any system timet by

iG,~p,p0 ,t !5A~p,p0 ,t !N~p,p0 ,t !,

iG.~p,p0 ,t !5A~p,p0 ,t !@N~p,p0 ,t !11#. ~4.11!

In equilibrium ~at temperatureT) the Green functions obe
the Kubo-Martin-Schwinger~KMS! relation @91,92# for all
momentap
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Geq
.~p,p0!5exp~p0 /T!Geq

,~p,p0!, ;p. ~4.12!

If there exists a conserved quantum number in the theory
have, furthermore, a contribution of the correspond
chemical potential in the exponential function, which lea
to a shift of argumentsp0 /T→(p02m)/T. In the present
case, however, there is no conserved quantum number
thus the equilibrium state has to givem50.

From the KMS condition of the Green functions~4.12! we
obtain the equilibrium form of the distribution functio
~4.11! at temperatureT as

Neq~p,p0!5Neq~p0!5
1

exp~p0 /T!21
5NBose~p0 /T!,

~4.13!

which is the well-known Bose distribution. As is obviou
from Eq. ~4.13! the equilibrium distribution can only be
function of energyp0 and not of the momentum variabl
explicitly.

In Fig. 10 ~lower part! we present the spectral functio
A(p,p0 ,t) for the initial distribution D2 at late timet•m
5540 for various momentum modesupu/m50.0, 0.8, 1.6,
2.4, 3.2, 4.0 as a function of the energyp0. We note that for
all other initial distributions—with equal energy density—
the spectral function looks very similar at this time since t
systems proceed to the same stationary state~see Sec. IV C!.
We recognize that the spectral function is quite broad, es
cially for the low momentum modes, while for the high
momentum modes its width is slightly lower.

The distribution functionN(p0) as extracted from Eq
~4.11! is displayed in Fig. 10~upper part! for the same mo-
mentum modes as a function of the energyp0. The compari-
son is achieved by selecting a certain energy band around
maximum of each momentum mode considering all energ
p0 with A(upu,p0)m2>0.5. We find thatN(p0) for all mo-
mentum modes can be fitted by a single Bose function w
temperatureT/m51.835. Thus the distribution function
emerging from the Kadanoff-Baym time evolution fort
→` approaches a Bose function in the energyp0 that is
independent of the momentum as demanded by the equ
rium form ~4.13!.

Figure 10~upper part! demonstrates, furthermore, that th
KMS condition is fulfilled not only for on-shell energies, bu
for all p0. We, therefore, have obtained the full off-she
equilibrium state by integrating the Kadanoff-Baym equ
tions in time. In addition, the limiting stationary state is th
correct equilibrium state for all energiesp0, i.e. also away
from the quasiparticle energies.

We note in closing this subsection that the chemical
tential m—used as a second fit parameter—is already cl
to zero for these late times as expected for the cor
equilibrium state of the neutralf4 theory which is charac-
terized by a vanishing chemical potentialm in equilibrium.
This, at first sight, seems rather trivial but we will show
the next subsection that it is a consequence of our e
treatment. In contrast, the Boltzmann equation~see Sec. V
6-13
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and Appendix E! in general leads to a stationary state fot
→` with a finite chemical potential. We will attribute thi
failure of the Boltzmann approach to the absence of part
number nonconserving processes in the quasiparticle l
~see below!.

D. Chemical equilibration and approach to KMS

As we have seen in the previous subsection the chem
potentialm for the stationary state of the propagation at lar
times is close to zero in agreement with the properties of
neutral f4 theory. In this subsection we will address th
question of chemical equilibration in the late time evoluti
of the systems calculated before. In particular we are in
ested in examining how the chemical potentialm vanishes
with time for configurations initialized with finite chemica
potentialsmÞ0 at t50.

To this aim we calculate the distribution functionN(p0 ,t)
for various system timest and extract the time-depende

FIG. 10. Spectral functionA for various momentum mode
upu/m50.0, 0.8, 1.6, 2.4, 3.2, 4.0 as a function of energy for l
time t•m5540 ~lower part!. As shown is the corresponding distr
bution functionN at the same time for the same momentum mo
~upper part!. All momentum modes can be fitted with a single Bo
function of temperatureTeq/m51.835 and a chemical potentia
close to zero.
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chemical potentialm(t) by fitting a Bose function with pa-
rametersm andT. The time evolution of the chemical poten
tial m ~as extracted from the zero momentum mode! is dis-
played in Fig. 11 for various initial configurations and foun
to decrease almost exponentially witht to zero. For small
timest the curves do not show an exponential behavior si
here we are still in the regime of kinetic nonequilibrium
Moreover, the chemical potential relaxation rate is nearly
same for all initial configurations with the same energy de
sity.

In order to understand the reason for this observation
calculate an estimate for this relaxation rate along the line
Calzetta and Hu@44#. For reasons of transparency we fir
provide a brief derivation for the three-loop approximati
of the 2PI effective action.

Since we are interested in the properties of the sys
close to equilibrium we again change to a Wigner repres
tation for the Kadanoff-Baym equation. A first order gradie
expansion of the Wigner transformed equation yields the
lowing real valued transport equation@81–83#:

L$p22m22S̄d~ t !2ReSR~p,t !%$ iG,~p,t !%

2L$ iS,~p,t !%$ReGR~p,t !%

5
1

2
@G.~p,t !S,~p,t !2G,~p,t !S.~p,t !#

5C~p,t !. ~4.14!

Here the operatorL denotes the (d11)-dimensional repre-
sentation of the general Poisson bracket. For the present
of spatially homogeneous systems all derivatives with
spect to the mean spatial coordinates vanish. Thus it cont
mean time and energy derivatives, only, and is given
arbitrary functionsF1/25F1/2(p,t)5F1/2(p,p0 ,t) as

s

FIG. 11. Logarithmic representation of the time evolution of t
chemical potentialm for the initial distributions D1, D2, and DT.
The corresponding relaxation rateGm̄ is determined from the expo
nential decrease.
6-14
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L$F1%$F2%5
1

2 S ]F1

]t

]F2

]p0
2

]F1

]p0

]F2

]t
D . ~4.15!

We first concentrate on the collision termC(p,t)—as given
by the RHS of Eq.~4.14!—for small deviations from therma
equilibrium. In our representation the correlation se
energiesS: read in Wigner space

S:~p,p0 ,t !52
l2

6 E dd11q

~2p!d11E dd11r

~2p!d11E dd11s

~2p!d11

3~2p!d11d (d11)~p2q2r 2s!

3G:~q,q0 ,t !G:~r ,r 0 ,t !G:~s,s0 ,t !,

~4.16!

where the energy and momentum integrals extend fro
2` to `. In order to simplify the collision term we expres
on
w
p

io

en
te

io
e

02500
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the Green functions@similar to Eq. ~4.11!# by the spectral
function A and a distribution functionÑ via

iG:~p,p0 ,t !5sgn~p0!A~p,p0 ,t !

3@Q~6p0!1Ñ~p,p0 ,t !#. ~4.17!

The advantage of this representation is that the spectral f
tion term sgn(p0)A(p,p0 ,t) as well as the modified distribu
tion functionÑ(p,p0 ,t) are symmetric in the energy coord
nate p0 as can be deduced fromG.(p,p0 ,t)
5G,(2p,2p0 ,t)5G,(p,2p0 ,t) for the momentum sym-
metric (p→2p) configurations considered here. The r
maining asymmetric character of the Green functions is c
tained in the step functions in energy. By this separation
may express the integrations over the full energy space
terms of integrations over the positive energy axis, on
Thus the collision term—additionally integrated over m
menta and positive energies—can be written as
E dd11p

~2p!d11
Q~p0!C~p,t !52

i

2E dd11p

~2p!d11
Q~p0! A~p,t !$@11Ñ~p,t !#S,~p,t !2Ñ~p,t !S.~p,t !% ~4.18!

52
i

2E Dp$@11Ñ~p,t !#S,~p,t !2Ñ~p,t !S.~p,t !%

52
l2

6 E DpE DqE Dr E Ds~2p!d11d (d11)~p2q2r 2s!

3$Ñ~p,t !@11Ñ~q,t !#@11Ñ~r ,t !#@11Ñ~s,t !#2@11Ñ~p,t !#Ñ~q,t !Ñ~r ,t !Ñ~s,t !%.
e
opt
ui-

ut
The

t to
Here we have introduced the short-hand notation

E Dp5E dd11p

~2p!d11
Q~p0!A~p,t !

5E dp0

~2p!
Q~p0!E ddp

~2p!d
A~p,p0 ,t !. ~4.19!

We are interested especially in the very late time evoluti
where the system is already close to equilibrium. Thus
can evaluate the integrated collision term with further a
proximations. First, we use the thermal spectral funct
Aeq(p,p0) at the equilibrium temperatureTeq. This spectral
function is calculated separately within a self-consist
scheme, which is explained in detail in Appendix D. We no
in passing, that the self-consistent thermal spectral funct
~calculated numerically! are in excellent agreement with th
,
e
-
n

t

ns

dynamical spectral functions in the long-time limit of th
nonequilibrium Kadanoff-Baym dynamics. Second, we ad
an equilibrium Bose function for the symmetrical noneq
librium distribution functionÑ in energy, but allow for a
small deviation in terms of a small chemical potentialm̄

5m/T. This chemical potentialm̄ depends on the system
time t as indicated by its relaxation observed in Fig. 11, b
is assumed to be independent of energy and momentum.
near equilibrium distribution function is thus given by

Ñ~p!'Ñm̄~p0!5
1

exp~ up0u/T2m̄ !21
——→m̄→0

Ñ0~p0!

5NBose~ up0u/T!. ~4.20!

We now expand the integrated collision term with respec
6-15
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the small parameterm̄ around the equilibrium valuem̄eq

50. Since the zero-order contribution vanishes for the c
lision term in equilibrium, the first nonvanishing order
given by

E dd11p

~2p!d11
Q~p0!C~p,t !

l2

6
2m̄

3E DpeqE DqeqE Dr eqE Dseq~2p!d11d (d11)

3~p2q2r 2s!@11Ñ0~p!#Ñ0~q!Ñ0~r !Ñ0~s!

~4.21!

with the integration weighted by the thermal spectral fun
tion Aeq as

E Dpeq5E dd11p

~2p!d11
Q~p0!Aeq~p!

5E dp0

~2p!
Q~p0!E ddp

~2p!d
Aeq~p,p0!.

~4.22!

On the left-hand-side of the transport equation we negl
furthermore, the time derivative terms of the self-energies
well as the second Poisson bracket. The only contribu
then stems from the drift termp0] tG

,(p,p0 ,t), which might
be extended by considering the energy derivative of the
part of the retarded self-energy.

The Green function is expressed again in terms of sy
metric functions in energy~4.17!, where the distribution
function Ñ is given by the near equilibrium estimate~4.20!
with a small time-dependent deviationm̄(t). Since the spec-
tral function is approximated by its equilibrium form, th
time derivative of the drift term gives only a contributio
from the chemical potential. When integrating the compl
02500
l-

-

t,
s
n

al

-

e

drift term over momentum and~positive! energy space—as
done above for the right-hand side—we obtain in lowest
der of the small chemical potential

E dd11p

~2p!d11
Q~p0!$2p0] tiG

,~p,t !%

'2E dd11p

~2p!d11
Q~p0!Aeq~p!p0] tÑ

m̄~p,t !

'2
]m̄~ t !

]t
E D peqp0 Ñ0~p0!@11Ñ0~p0!#. ~4.23!

By taking also into account the energy derivative of the
tarded self-energy we gain the improved result

E dd11p

~2p!d11
Q~p0!H 2S p02

1

2
]p0

ReSeq
R ~p! D ] tiG

,~p,t !J
'2

]m̄~ t !

]t
E DpeqS p02

1

2
]p0

ReSeq
R ~p! D Ñ0~p0!

3@11Ñ0~p0!#. ~4.24!

Combining now both half-sides of the approximated tra
port equation we obtain

2
]m̄~ t !

]t
K1~@Aeq~l,T!#;T!5m̄~ t !K2~@Aeq~l,T!#;T,l!

~4.25!

with the temperature and coupling constant dependent fu
tions

K1~@Aeq~l,T!#;T!5E DpeqS p02
1

2
]p0

ReSeq
R ~p! D

3Ñ0~p0!@11Ñ0~p0!#, ~4.26!
K2~@Aeq~l,T!#;T,l!5
l2

3 E DpeqE DqeqE Dr eqE Dseq~2p!d11d (d11)~p2q2r 2s!@11Ñ0~p0!#Ñ0~q0!Ñ0~r 0!Ñ0~s0!

5
l2

3 E DpeqE DqeqE Dr eqE Dseq~2p!d11d (d11)~p2q2r 2s!Ñ0~p0!@11Ñ0~q0!#@11Ñ0~r 0!#

3@11Ñ0~s0!#.
rved
st
Thus the chemical potential decreases exponentially as

m̄~ t !5exp~2K2 /K1t !5exp~2Gm̄t ! ~4.27!

with the relaxation rate given by
Gm̄5K2 /K1 . ~4.28!

The equations above provide an explanation for the obse
behavior of the relaxation of the chemical potential. At fir
6-16
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we recognize the exponential nature~4.27! of the processes
seen in Fig. 11. The relaxation of the chemical poten
originates—as seen from Eq.~4.26!—from particle number
nonconserving 1↔3 processes. This is easily recogniz
when considering the distribution functionsÑ assigned to
incoming particles as well as the corresponding Bose
hancement factors 11Ñ for the outgoing ones. Ordinary pa
ticle number conserving 2↔2 scattering processes do n
contribute. Thus it is not surprising, that a relaxation of t
chemical potential is not described in the on-shell Boltzma
limit and the correct equilibrium state with vanishing chem
cal potential is missed~see Appendix E!.

The corresponding time evolution of the total partic
number densityneff

tot is shown in Fig. 12. It is obtained as th
momentum space integral over the effective distribut
function, which is defined for symmetric (p→2p) configu-
rations by the equal-time Green functions as@62#

neff~p,t !5AGff
, ~p,t,t !Gpp

, ~p,t,t !2
1

2
. ~4.29!

From Fig. 12 we clearly see that the particle number for
full Kadanoff-Baym equation is not constant in time, b
changes due to 1↔3 transitions. Finally, the distribution
D1, D2, and DT show an excess of particles—related to th
positive chemical potential—that is reduced until the co
mon particle number is reached in the stationary limit.
contrast, the distribution D3~dotted line! with initially well
separated maxima in momentum space has too few parti
however, during the time evolution particles are produc
such that the system reaches the common equilibrium s
as well.

Furthermore, we point out the importance of the spec
function entering the relaxation rate~4.26! via the integral

FIG. 12. Total particle number densityneff
tot(t) for the initializa-

tions D1, D2, D3, and DT as a function of time. The particle nu
ber is not constant during the evolution, but changes due to n
conserving transitions (1↔3) that are allowed within the full
Kadanoff-Baym dynamics.
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measures. Since 1↔3 processes are responsible for t
chemical equilibration, especially the shape of the spec
functions for high and low energies, i.e., above and bel
the three-particle threshold, is of great importance. From
formula above we also find an explanation for the fact, t
all equal energy initializations—although starting with d
ferent absolute values of the chemical potential—show
proximately the same relaxation rate. The spectral functi
for the different initializations have already almost co
verged to the thermal spectral function~for the equilibrium
temperature ofTeq/m51.835 and coupling constantl/m
518) and are therefore comparable during the late stag
the evolution. The same holds approximately for the resp
tive distribution functions, that approach Bose distributi
functions at temperatureTeq. Thus we can deduce from Eq
~4.26! that the relaxation rate should be approximately
same for the different initial value problems considered.

Indeed, the estimate for the chemical relaxation~4.28!
rate works rather well quantitatively. By calculating the the
mal spectral functions independently within a self-consist
scheme at equilibrium temperatureTeq for coupling constant
l/m518 we find~together with the distribution functions o
the same temperature!—by solving the multidimensiona
integrations—a value ofGm̄ /m'1.1231022 ~for the drift
term only! and Gm̄ /m'1.1731022 ~when including addi-
tionally the energy dependence of the retarded self-ene!
for the relaxation rate. The agreement with the results of
actual calculations in Fig. 11 given byGm̄

D1/m'1.04

31022, Gm̄
D2/m'1.0631022, and Gm̄

DT/m'1.1931022, is
sufficiently good.

E. Dynamics close to the thermal state

In this subsection we address the properties of syst
close to thermal equilibrium. It is a widely used assumpti
that there exists a regime close to the thermal state, where
relaxation approximation is valid. Especially interesting a
settings, where all momentum modes are in equilibrium,
only a single momentum modep is out of equilibrium and
deviates from its equilibrium value by a small amountdN. In
such a casedN(t) should decrease exponentially in tim
The corresponding rate can be calculated in the usual qu
particle approximation~i.e., starting from the standard Bolt
zmann equation! and is given by the on-shell width of th
particle as determined from the imaginary part of the
tarded self-energy at the on-shell energy~with respect to the
momentump) asgv(p)52Im SR(p,v(p))/v(p).

In order to study the relaxation behavior within the fu
Kadanoff-Baym theory we generate a corresponding ini
state by the following procedure: We first start with a gene
nonequilibrium distribution att50 and let it evolve in time.
After a sufficiently long time period all momentum modes
the system get close to equilibrium. We then excite only
single momentum mode at a specific timetk by multiplying
the equal-time Green functionsGff

, (p,t,t) and Gpp
, (p,t,t)

at t5tk with a factor close to 1. As a result the correspondi
effective occupation numberneff(p,t) ~4.29! differs slightly
from its equilibrium value byDN(tk).

-
n-
6-17
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For t.tk this deviationDN(t) indeed vanishes exponen
tially according to the full Kadanoff-Baym equations
shown in Fig. 13 for the zero momentum mode of the dis
bution function. For the specific case shown in Fig. 13
equilibrium state has been generated by starting with
initial distribution DT for a coupling constantl/m518. At
the time tk•m51000 both Green functions have be
changed simultaneously by only 1023 in order to avoid large
disturbances of the system. From the exponential decrea
the deviation one can directly extract the relaxation rate.

This extraction has been done for several momen
modes which leads to the numbers displayed in Fig. 14
the full squares. In this plot, furthermore, the extracted rel
ation rates are compared to the on-shell width of the parti
as indicated by the line. The latter values have been obta
within an independent finite temperature calculation invo
ing the self-consistent spectral function~and width!. The ex-
act method is described in detail in Appendix D. We no
that—apart from the coupling constant—only the equil
rium temperature Teq/m51.835 enters into the self
consistent scheme as input. It yields the on-shell ener

FIG. 13. Time evolution of the zero momentum mode of t
distribution function that has been excited at the system t
tk•m51000~upper part!. From the exponential decrease of the d
viation from the equilibrium value~that has been subtracted in th
lower plot! the relaxation rate can be extracted.
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v(p) and the self-consistent width for all momenta and e
ergies such that the on-shell widthgv(p) can be determined
via Eq. ~4.7!. The comparison in Fig. 14 shows a very go
agreement of the results for the relaxation rate obtained f
a time-dependent single mode excitation of an equilibra
system with the findings for the on-shell width calculat
within the self-consistent thermal approach. Thus the str
relation between both quantities has been shown explic
for the case of a general off-shell nonequilibrium theory.

V. FULL VERSUS APPROXIMATE DYNAMICS

The Kadanoff-Baym equations studied in the previo
sections represent the full quantum field theoretical equat
with the chosen topology for the self-consistent dissipat
self-energy on the single-particle level. However, its nume
cal solution is quite involved and it is of interest to inves
gate, in how far approximate schemes deviate from the
calculation. Nowadays, transport models are widely used
the description of quantum system out of equilibrium~see
the Introduction!. Most of these models work in the ‘‘quas
particle’’ picture, where all particles obey a fixed energ
momentum relation and the energy is no longer an indep
dent degree of freedom; it is determined by the moment
and the~effective! mass of the particle. Accordingly, thes
particles are treated with theird-function spectral shape a
infinitely long living, i.e., stable objects. This assumption
rather questionable, e.g., for high-energy heavy-ion re
tions, where the particles achieve a large width due to
frequent collisions with other particles in the high dens
and/or high energy regime. Furthermore, this is doubtful
particles that are unstable even in the vacuum. The ques
in how far the quasiparticle approximation influences the
namics in comparison to the full Kadanoff-Baym calculatio
is of general interest@54,57#.

e
-

FIG. 14. Comparison of the relaxation rates for single exci
momentum modes~full dots! with the on-shell widths calculated a
finite temperature for various momentum modes. The equilibri
state is characterized byl/m518 and a temperature ofTeq/m
51.835.
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
We also remark that the recent studies in Refs.@61–
63,66,77#, where homogeneous systems in 111 dimensions
have been investigated, are rather special as the on-
2-to-2 elastic collisions are strictly forward. Thus an on-sh
Boltzmann description will not lead to any kinetic equilibr
tion in momentum space. This is different in 211 dimen-
sions as we will see below.

A. Derivation of the Boltzmann approximation

In the following we will give a short derivation of the
Boltzmann equation starting directly from the Kadano
Baym dynamics in the two-time and momentum-space r
resentation as employed within this work. This derivation
briefly reviewed since we want~i! to emphasize the link o
the full Kadanoff-Baym equation with its approximated ve
sion and~ii ! to clarify the assumptions that enter the Bolt
mann equation. The conventionally employed derivation
the ~equivalent! Boltzmann equation will be discussed lat
on.

Since the Boltzmann equation describes the time ev
tion of distribution functions for quasiparticles we first co
sider the quasiparticle Green functions in two-time repres
tation for homogeneous systems:

Gff,qp
: ~p,t1,t2!5

2 i

2vp
$Nqp~7p!exp@6 ivp~ t12t2!#

1@Nqp~6p!11#exp@7 ivp~ t12t2!#%,

Gfp,qp
: ~p,t1,t2!5

1

2
$7Nqp~7p!exp@6 ivp~ t12t2!#

6@Nqp~6p!11#exp@7 ivp~ t12t2!#%,

Gpf,qp
: ~p,t1,t2!5

1

2
$6Nqp~7p!exp@6 ivp~ t12t2!#

7@Nqp~6p!11#exp@7 ivp~ t12t2!#%,

Gpp,qp
: ~p,t1,t2!5

2 ivp

2
$Nqp~7p!exp@6 ivp~ t12t2!#

1@Nqp~6p!11#exp@7 ivp~ t12t2!#%.

~5.1!

For each momentump the Green functions are freely osci
lating in relative timet12t2 with the on-shell energyvp .
The time-dependent quasiparticle distribution functions
given with the energy variable fixed to the on-shell energy
Nqp(p,t)[N(p,p05vp ,t), where the on-shell energiesvp
might depend on time as well. Such a time variation, e
might be due to an effective mass as generated by the~renor-
malized! time-dependent tadpole self-energy. In this case
on-shell energy reads
02500
ell
ll

-
s

f
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e
s

.,

e

vp~ t !5Ap 21m21S̄ ren
d ~ t !. ~5.2!

Vice versa we can define the quasiparticle distribution fu
tion by means of the quasiparticle Green functions at eq
times t as @20#

Nqp~p,t !5Fvp~ t !

2
iGff,qp

, ~p,t,t !1
1

2vp~ t !
iGpp,qp

, ~p,t,t !G
2

1

2
@Gpf,qp

, ~p,t,t !2Gfp,qp
, ~p,t,t !#. ~5.3!

Using the equations of motions for the Green functions
diagonal time direction ~A2! ~exploiting Gfp

, (p,t,t)
52@Gpf

, (p,t,t)#* ) the time evolution of this distribution
function is given by

] tNqp~p,t !52Re$I 1;qp
, ~p,t,t !%2

1

vp~ t !
Im$I 1,2;qp

, ~p,t,t !%.

~5.4!

The time derivatives of the on-shell energies cancel out si
the quasiparticle Green functions obey

Gpp
, ~p,t,t !5vp

2~ t !Gff
, ~p,t,t ! ~5.5!

as seen from Eq.~5.1!. Furthermore, we remark that contr
butions containing the energyvp

2—as present in the equatio
of motion for the Green functions~A2!—no longer show up.
The time evolution of the distribution function is entire
determined by~equal-time! collision integrals containing
~time derivatives of the! Green functions and self-energies

I 1;qp
, ~p,t,t !5E

t0

t

dt8Sqp
, ~p,t,t8!Gff,qp

. ~p,t8,t !

2Sqp
. ~p,t,t8!Gff,qp

, ~p,t8,t !, ~5.6!

I 1,2;qp
, ~p,t,t !5E

t0

t

dt8Sqp
, ~p,t,t8!Gfp,qp

. ~p,t8,t !

2Sqp
. ~p,t,t8!Gfp,qp

, ~p,t8,t !.

Since we are dealing with a system of on-shell quasipartic
within the Boltzmann approximation, the Green functions
the collision integrals~5.6! are given by the respective qua
siparticle quantities of Eq.~5.1!. This holds for the colli-
sional self-energies as well and is indicated by the ind
‘‘qp.’’
6-19
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The actual Boltzmann approximation is defined in t
limit, that the distribution functions have to be taken alwa
at the latest time argument of the two-time Green funct
@55,57#. Accordingly, for the general nonequilibrium case w
introduce the ansatz for the Green functions in the collis
term

Gff,qp
: ~p,t1,t2!5

2 i

2vp
$Nqp~7p,tmax!exp@6 ivp~ t12t2!#

1@Nqp~6p,tmax!11#

3exp@7 ivp~ t12t2!#%,

Gfp,qp
: ~p,t1,t2!5

1

2
$7Nqp~7p,tmax!exp@6 ivp~ t12t2!#

6@Nqp~6p,tmax!11#

3exp@7 ivp~ t12t2!#%, ~5.7!
r-
n

is

-

02500
s
n

n

with the maximum timetmax5max(t1,t2). The same ansatz i
employed for the time-dependent on-shell energies which
ter the representation of the quasiparticle two-time Gre
functions ~5.7! with their value attmax, i.e., vp5vp(tmax

5max(t1,t2)).
The collision term contains a time integration which e

tends from an initial timet0 to the current timet. All two-
time Green functions and self-energies depend on the cur
time t as well as on the integration timet8<t. Thus only
distribution functions at the current time, i.e., the maximu
time of all appearing two-time functions, enter the collisio
integrals and the evolution equation for the distribution fun
tion becomes local in time. Since the distribution functio
are given at fixed timet, they can be taken out of the tim
integral. When inserting the expressions for the self-energ
and the Green functions in the collision integrals the evo
tion equation for the quasiparticle distribution function rea
] tNqp~p,t !5
l2

3 E ddq

~2p!dE ddr

~2p!dE dds

~2p!d
~2p!dd (d)~p2q2r2s!

1

2vp2vq2v r2vs

3H @N̄p,tN̄2q,tN̄2r ,tN̄2s,t2Np,tN2q,tN2r ,tN2s,t#E
t0

t

dt8cos~@ t2t8#@vp1vq1v r1vs# !

13@N̄p,tN̄2q,tN̄2r ,tNs,t2Np,tN2q,tN2r ,tN̄s,t#E
t0

t

dt8cos~@ t2t8#@vp1vq1v r2vs# !

13@N̄p,tN̄2q,tNr ,tNs,t2Np,tN2q,tN̄r ,tN̄s,t#E
t0

t

dt8cos~@ t2t8#@vp1vq2v r2vs# !

1@N̄p,tNq,tNr ,tNs,t2Np,tN̄q,tN̄r ,tN̄s,t#E
t0

t

dt8cos~@ t2t8#@vp2vq2v r2vs# !J , ~5.8!
h

mit

r-

gy
where we have introduced the abbreviationNp,t5Nqp(p,t)
for the quasiparticle distribution function at current timet

and N̄p,t5Nqp(p,t)11 for the according Bose factor. Fu
thermore, a possible time dependence of the on-shell e
gies is suppressed in the above notation.

The time evolution of the quasiparticle distribution
given as an initial value problem for the functionNqp(p)
prepared at initial timet0. For large system timest ~com-
pared to the initial time! the time integration over the trigo
nometric function results in an energy conservingd-function:

lim
t2t0→`

E
t0

t

dt8cos~@ t2t8#v̂ !

5 lim
t2t0→`

1

v̂
sin@~ t2t0!v̂#5pd~v̂!. ~5.9!
er-

Herev̂5vp6vq6v r6vs represents the energy sum whic
is conserved in the limitt2t0→` where the initial timet0 is
considered as fixed. In the energy conserving long-time li
~5.9! only the 2↔2 scattering processes@third line in Eq.
~5.8!# are contributing. All other terms vanish since the co
responding energyd-functions cannot be fulfilled for on-
shell quasiparticles. In the following we will solve the ener
conserving Boltzmann equation for on-shell particles:

] tNqp~p,t !5
l2

2 E ddq

~2p!dE ddr

~2p!dE dds

~2p!d

3~2p!d11
1

2vp2vq2v r2vs

3@N̄p,tN̄q,tNr ,tNs,t2Np,tNq,tN̄r ,tN̄s,t#

3d (d)~p1q2r2s!d~vp1vq2v r2vs!.
~5.10!
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FIG. 15. Evolution of the
Green function in momentum
space within the full Kadanoff-
Baym dynamics. The equal-time
Green function is displayed fo
various timestm50, 15, 30, 45,
75, 150. Starting from an initially
nonisotropic shape it develops to
wards a rotational symmetric dis
tribution in momentum space.
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The system evolution given by Eq.~5.10! is explicitly local
in time since it depends only on the current configurati
there are no memory effects from the integration over p
times as present in the full Kadanoff-Baym equation.

We point out that the numerical algorithm for the tim
integration of Eq.~5.10! is basically the same as the on
employed for the solution of the Kadanoff-Baym equati
~see Appendix A!. Energy conservation can be assured b
precalculation including a shift of the lower boundaryt0 to
earlier times. Even small time shifts suffice to keep the
netic energy conserved. We note, that in contrast to
Kadanoff-Baym equation no correlation energy is genera
in the Boltzmann limit.

In addition to the procedure presented above, we calcu
the actual momentum-dependent on-shell energy for ev
momentum mode by a solution of the dispersion relat
including contributions from the tadpole and the real part
the ~retarded! sunset self-energy. In this way one can gu
antee that at every timet the particles are treated as qua
particles with the correct energy-momentum relation.

Before presenting the actual numerical results we w
comment on the derivation of the Boltzmann equation wit
the conventional scheme that is different from ours. Here
first the Kadanoff-Baym equation~in coordinate space! is
transformed to the Wigner representation by Fourier trans
mation with respect to the relative coordinates in space
time ~for f4 theory see Refs.@20,27#!. The problem then is
formulated in terms of energy and momentum variables
gether with a single system time. For nonhomogeneous
tems a mean spatial coordinate is necessary as well. A
next step the ‘‘semiclassical approximation’’ is introduce
which consists of a gradient expansion of the convolut
integrals in coordinate space within the Wigner transform
tion. For the time evolution only contributions up to fir
order in the gradients are kept@see Eq.~4.14!#. Finally, the
quasiparticle assumption is introduced as follows: The Gr
functions appearing in the transport equation—explicitly
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implicitly via the self-energies—are written in Wigner repr
sentation as a product of a distribution functionN and the
spectral functionA ~see Sec. IV D!. The quasiparticle as
sumption is then realized by employing ad-like form for the
spectral function which connects the energy variable to
momentum. By integrating the first order transport equat
over all ~positive! energies, furthermore, the Boltzman
equation for the time evolution of the on-shell distributio
function ~5.10! is obtained.

Inspite of the fact, that the Boltzmann equation~5.10! can
be obtained in different subsequent approximation schem
it is of basic interest, how its actual solutions compare
those from the full Kadanoff-Baym dynamics.

B. Boltzmann vs Kadanoff-Baym dynamics

In the following we will compare the solutions of th
Boltzmann equation with the solution of the Kadanoff-Bay
theory. We start with a presentation of the nonequilibriu
time evolution of two colliding particle accumulations~tsu-
namis! @39# within the full Kadanoff-Baym calculation~see
Fig. 15!. Such configurations are also used for simulations
the heavy-ion physics context@39,54–57#.

During the time evolution the bumps at finite momenta~in
px direction! gradually disappear, while the one close to ze
momentum—which initially stems from the vacuum cont
bution to the Green function—is increased as seen for dif
ent snapshots at timestm50, 15, 30, 45, 75, 150 in Fig. 15
The system with initially apparent collision axis slow
merges—as expected—into an isotropic final distribution
momentum space.

For the comparison between the full Kadanoff-Baym d
namics and the Boltzmann approximation we concentrate
equilibration times. To this aim we define a quadrupole m
ment for a given momentum distributionN(p) at time t as
6-21



ff

e
n
rg
a
tl

tio
ul

n
-
ps
e

in
ing
n,
he
n

h

re
ha

ro-
ing

tral
nc-
n
far
ts,
ee
to

on
be-
n-
rger
all

ll
de

of
r
r

unc-

lax-
he
nd
he
ate

er

- the
he

JUCHEM, CASSING, AND GREINER PHYSICAL REVIEW D69, 025006 ~2004!
Q~ t !5

E d2p

~2p!2
@px

22py
2#N~p,t !

E d2p

~2p!2
N~p,t !

, ~5.11!

which vanishes for the equilibrium state. For the Kadano
Baym case we use in Eq.~5.11! the effective distribution
function neff(p,t), which is determined by the equal-tim
Green functions~4.29!. When constructing the distributio
function by means of equal-time Green functions the ene
variable has been effectively integrated out. This has the
vantage that the distribution function is given independen
of the actual on-shell energies. We note that a calcula
with the on-shell energies basically leads to the same res

The relaxation of the quadrupole moment~5.11! has been
studied for two different initial distributions: The evolutio
of distribution d2 is displayed in Fig. 15 while for distribu
tion d1 the position and the width of the two particle bum
have been modified. The calculated quadrupole mom
~5.11! shows a nearly exponential decrease with time~see
Fig. 16! and we can extract a relaxation rateGQ via the
relation

Q~ t ! } exp~2GQt !. ~5.12!

Figure 17 shows for both initializations that the relaxation
the full quantum calculation occurs faster for large coupl
constants l than in the quasiclassical approximatio
whereas for small couplings the equilibration times of t
full and the approximate evolutions are comparable. We fi
that the scaled relaxation rateGQ /l2 is nearly constant in the
Boltzmann case, but increases with the coupling strengt
the Kadanoff-Baym calculation~especially for the initial dis-
tribution d2!.

These findings are explained as follows: Since the f
Green function—as used in the Boltzmann calculation—

FIG. 16. Decrease of the quadrupole moment in time for diff
ent coupling constantsl/m58→16 in steps of 2 for the full
Kadanoff-Baym calculation~solid lines! and the Boltzmann ap
proximation~dashed lines!.
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only support on the mass-shell, only (2↔2) scattering pro-
cesses are described in the Boltzmann limit. All other p
cesses with a different number of incoming and outgo
particles vanish~as noted before!. Within the full Kadanoff-
Baym calculation this is different, since here the spec
function—determined from the self-consistent Green fu
tion ~see Sec. IV C!—acquires a finite width. Thus the Gree
function has support at all energies although it drops fast
off the mass-shell. Especially for large coupling constan
where the spectral function is sufficiently broad, the thr
particle production process gives a significant contribution
the collision integral. Since the width of the spectral functi
increases with the interaction strength, such processes
come more important in the high coupling regime. As a co
sequence the difference between both approaches is la
for stronger interactions as observed in Fig. 17. For sm
couplingsl/m in both approaches basically the usual 2↔2
scattering contributes and the results for the rateGQ are quite
similar.

In summarizing this section we point out that the fu
solution of the Kadanoff-Baym equations does inclu
0↔4, 1↔3, and 2↔2 off-shell collision processes
which—in comparison to the Boltzmann on-shell 2↔2 col-
lision limit—become important when the spectral width
the particles reaches;1/3 of the particle mass. On the othe
hand, the simple Boltzmann limit works surprisingly well fo
smaller couplings and those cases, where the spectral f
tion is sufficiently narrow.

C. Estimate for the quadrupole relaxation

In this subsection we concentrate on the quadrupole re
ation rates observed for the full Kadanoff-Baym and t
Boltzmann approximation in order to provide a simple a
intuitive explanation for the actual values extracted in t
last subsection. To this aim we study an idealized initial st

-
FIG. 17. Relaxation rate~divided by the couplingl squared! for

Kadanoff-Baym and Boltzmann calculations as a function of
interaction strength. For the two different initial configurations t
full Kadanoff-Baym evolution leads to a faster equilibration.
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
given by twod-functions in momentum space. For symme
reasons they are placed on the positive and negativepx axis
at py50. Thus the initial distribution function reads

Nd~p,t50!5N0
dd~py!@d~px2pini!1d~px1pini!#,

~5.13!
whereN0

d is a normalization constant. We are now interes
in the time evolution of this distribution function in particu
bu

cu

ns
b

d

02500
d

lar in view of the relaxation rate of the quadrupole mome
For simplicity we will explore this question employing th
Boltzmann equation, since the differences between the
and the quasiparticle calculation are rather moderate.

The special form of the initial distributionNd ~5.13! has
the particular advantage, that the collision term of the Bo
mann equation can be calculated analytically at the be
ning of the evolution. We find for the time evolution of mo
mentum moments within the Boltzmann approximation
211 space-time dimensions:
d

dt
^O&~ t !5

d

dtE d2p

~2p!2
O N~p,t !5E d2p

~2p!2
O d

dt
N~p,t !

5
l2

2 E d2p

~2p!2E d2q

~2p!2E d2r

~2p!2E d2s

~2p!2
O 1

2vp2vq2v r2vs
~2p!211d (211)~p1q2r 2s!

3$@11N~p,t !#@11N~q,t !#N~r ,t !N~s,t !2N~p,t !N~q,t !@11N~r ,t !#@11N~s,t !#%. ~5.14!
es

on
s
r
-

an
HereO can be a function of the momentum coordinates,
is assumed to be independent of time, e.g.,OP$1,px

2 ,py
2%.

Furthermore, the energy is fixed in this quasiparticle cal
lation by the momentum asp05vp5Am21p 2. For our spe-
cial initial stateNd and for the chosen operatorsO all con-
tributions of products of more than two distribution functio
cancel out. Thus the derivative of the mean value is given

d

dt
^O&~ t !5

l2

32E d2p

~2p!2E d2q

~2p!2E d2r

~2p!2E d2s

~2p!2

3O 1

vpvqv rvs
~2p!211d (211)~p1q2r 2s!

3$Nd~r ,t !Nd~s,t !2Nd~p,t !Nd~q,t !%. ~5.15!

By inserting the explicit form of the initial conditions an
performing the integrations over the momentumd-functions
we obtain for the gain term

d

dt K H px
2

py
2

1
J L

gain

5N0
d 2

l2

32E d2p

~2p!5 H px
2

py
2

1
J

3F2
1

vp
2v ini

2
d~2vp22v ini!

1
1

vpv ini
2 vp1

d~vp1vp122v ini!

1
1

vpv ini
2 vp2

d~vp1vp222v ini!G ,

~5.16!
t

-

y

where we take into account explicitly the different choic
for the operatorOP$1,px

2 ,py
2%. In Eq. ~5.16! we have intro-

duced the on-shell energy of the initial particle localizati
in momentum spacev ini5Am21pini

2 as well as the energie
vp65Am21(px62pini)

21py
2. Since the integration ove

the last twod-functions in energy yields zero, the only con
tribution to the integral stems from the first term, which c
be evaluated as

d

dt K H px
2

py
2

1
J L

gain

5N0
d 2

l2

64~2p!4

1

v ini
3 H pini

2

pini
2

2
J .

~5.17!

For the loss term we find~after carrying out the momentum
space integrals!

d

dt K H px
2

py
2

1
J L

loss

5N0
d 2

l2

32E d2r

~2p!5 H pini
2

0

1
J

3F2
1

v r
2v ini

2
d~2v r22v ini!

1
1

v rv ini
2 v r1

d~v r1v r122v ini!

1
1

v rv ini
2 v r2

d~v r1v r222v ini!G
~5.18!
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JUCHEM, CASSING, AND GREINER PHYSICAL REVIEW D69, 025006 ~2004!
with the energy functionsv r6 given as above. Due to th
appearance ofNd(p) in the loss term the integration over th
momentump is performed directly such that the values
the operator are fixed. Again only the first term of the in
gral gives a nonzero result and we get for the loss term in
early time evolution

d

dt K H px
2

py
2

1
J L

loss

5N0
d 2

l2

64~2p!4

1

v ini
3 H 2pini

2

0

2
J .

~5.19!

From Eqs.~5.17! and~5.19! we find—in agreement with the
general properties of the Boltzmann equation—that the t
particle number is conserved for our particular initial stat

d

dt
Ntot~ t !5E d2p

~2p!2

d

dt
N~p!U

t50

50. ~5.20!

Thus the total particle number is given byNtot(t)
52N0

d/(2p)2 for all times t. Furthermore, for the reductio
of the quadrupole moment~calculated with the initial distri-
bution Nd) we obtain

d

dt
Q~ t !U

t50

5
1

Ntot
E d2p

~2p!2
@px

22py
2#

d

dt
N~p!U

t50

52N0
d l2

64~2p!2

pini
2

v ini
3

, ~5.21!

where the gain term does not give a contribution due to
symmetry in the momentum coordinatespx andpy .

As indicated by the numerical studies shown in the l
subsection the quadrupole moment decreases nearly e
nentially in time. Thus assuming a decrease of the qua
pole moment of the formQ(t)5Q0exp(2GQt) we can deter-
mine the relaxation rate as

GQ52
Q̇~ t50!

Q~ t50!
5N0

d
l2

64~2p!2

1

Am21pini
2 3

~5.22!

with the initial valueQ(t50)5pini
2 . In order to connect this

result to the initial distributions employed in our calculatio

n~p,t50!5n0 exp@2~ upxu2pini!
2/2sx

2# exp~2py
2/2sy

2!

~5.23!

we avail the corresponding representation of thed-function
and identifyN0

d52pn0sxsy . Thus we can estimate the re
laxation rate for the distribution d1 (n051, sx50.75, dy
50.75, pini52.5) asGQ

d1'7.1631025
•l2 and for distribu-

tion d2 (n051, sx50.5, sy51.0, pini53.0) asGQ
d2'3.93

31025
•l2, respectively. In both cases an initial massm

51 has been used. A comparison of this rather rough e
mate with the results from the actual calculations show
remarkably good agreement. When taking into account,
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the effective mass slightly increases with the couplingl/m
in the full calculations, the agreement is even better.

Thus momentum relaxation in the full Kadanoff-Bay
equations as well as in the Boltzmann limit can be und
stood in rather simple terms. Turning the argument arou
we can conclude that relaxation phenomena—as descr
by the Kadanoff-Baym equations—do not differ very mu
in comparison to semiclassical limits though the full qua
tum off-shell propagation is invoked.

In addition, we note that the relaxation time for the qua
rupole moment is one order of magnitude larger than
typical inverse damping width, which dictates the relaxati
of a single mode out of equilibrium~see Sec. IV E!. Going
from Eq. ~5.14! to Eq. ~5.15! one notices that the Bose en
hancement factors have dropped out for the further estim
of the quadrupole relaxation rate. On the other hand th
factors enter crucially in the total width. For a~211!-
dimensional system these Bose factors are of special im
tance and increase significantly the damping width. This
plains the obvious difference between the quadrup
relaxation—characterizing kinetic equilibration of a fa
from-equilibrium system—and the relaxation of a sing
mode out of equilibrium.

VI. SUMMARY AND OUTLOOK

In this work we have studied the quantum time evoluti
of f4-field theory for homogeneous systems in 211 space-
time dimensions for far-from-equilibrium initial condition
on the basis of the Kadanoff-Baym equations. We have
cluded the tadpole and sunset self-energies, where the
pole contribution corresponds to a dynamical mass term
the sunset self-energy is responsible for dissipation and
equilibration of the system. Since both self-energies are
traviolet divergent we have renormalized the theory by
cluding proper counterterms~see Appendix B!. The numeri-
cal solutions for different initial configurations out o
equilibrium ~with the same energy density! show, that the
asymptotic state achieved fort→` is the same for all initial
conditions. In fact, we have shown that this asymptotic st
corresponds to the exact off-shell thermal state of the sys
obeying the equilibrium Kubo-Martin-Schwinger~KMS! re-
lations among the various two-point functions. Hence with
these approximations the Kadanoff-Baym equations mani
irreversibility as expected from its coarse graining nature
pressing the dynamics in terms solely of two-point functio

During the equilibration we have identified three differe
stages which are related to~i! the initial build up of correla-
tions,~ii ! a kinetic thermalization, and finally~iii ! a chemical
equilibration. We find that the correlations are formed at ve
short times scales practically independent from the coup
strength involved. This result is in agreement with earl
studies of the nonrelativistic Kadanoff-Baym theory in t
nuclear physics context@58#. We have, furthermore, ob
served that during the second phase of kinetic equilibra
the time evolution of the occupation numbers of states~mo-
mentum modes! may be nonmonotonic; here a memory
the initial configuration is kept in the full off-shell dynamics
This is not observed in the pure kinetic Boltzmann descr
6-24
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
tion. In the final state, which is achieved due to chemi
equilibration, we have demonstrated that the distribut
functions can adequately be described by thermal Bose f
tions employing a temperatureT and chemical potentialm as
Lagrange parameters. Since thef4 theory does not include
an explicitly conserved quantum number, the chemical
tential m has to vanish in thermal equilibrium. This limit i
achieved dynamically within the Kadanoff-Baym scheme
off-shell 1↔3 transitions that violate particle number co
servation as recently conjectured in Ref.@44#. Such processe
are inhibited in the Boltzmann limit due to numbe
conserving 2↔2 on-shell scattering processes. The appro
to chemical equilibrium, moreover, is found to be well d
scribed in an approximate scheme that only involves sm
deviations from the equilibrium state.

The spectral~‘‘off-shell’’ ! distributions of the excited
quantum modes have been evaluated by a Fourier tran
mation with respect to the time differencet2t8 from the
retarded Green functions. For the systems investigated
have found no universal time evolution for these spec
functions, however, they differ only in the phase of kine
nonequilibrium and rather fast approach the thermal equ
rium shapes. The width of the spectral functions increa
with the coupling strengthl employed in the interacting
theory.

Furthermore, a detailed comparison of the full quant
dynamics to approximate schemes similar to that of a s
dard kinetic ~on-shell! Boltzmann equation has been pe
formed. Our analysis shows that the consistent inclusion
the dynamical spectral function has a significant impact
relaxation phenomena. We find that far off-shell 1↔3 pro-
cesses are also responsible for a shortening of the quadru
relaxation rate in case of larger couplingsl relative to the
Boltzmann limit, which is attributed again to the fact that t
latter transitions are missed in the Boltzmann approximat
Nevertheless, the relaxation is rather adequately describe
the Boltzmann limit for small and moderate couplings, su
that the full off-shell dynamics has only a small effect on t
relaxation processes in momentum space. We have sh
additionally, that the relaxation rates can also approxima
be determined by a simple relaxation ansatz with satisfy
results.

Moreover, we have demonstrated, that the monoton
evolution within the number conserving Boltzmann lim
does not approach the correct equilibrium state, but show
finite chemical potential in the stationary limit~Appendix E!.
This, of course, must be considered as a shortcoming of
semiclassical on-shell approximation, which in princip
could be cured by inclusion of higher order processes.
other important task in this context will be the investigati
of more involved approximation schemes in terms of gen
alized transport equations@35,80–84# in order to prove
whether these gradient expansion schemes including
shell particles yield a reliable description of the dynamics.
particular, the range of validity has to be explored depend
of the actual nonequilibrium conditions. Due to the off-sh
nature it is expected that the correct final state~with vanish-
ing chemical potential! will be assumed, too.

As discussed in Appendix D, we have briefly consider
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the case of massless fields@m→0 in the original Lagrangian
~2.1!# as well. In principle, we find no qualitative differenc
in the dynamics of massless fields compared to the one
finite mass for moderate couplings due to the generation
an effective thermal mass by the leading tadpole diagr
However, close to a critical couplingl/T'4.266 we obtain a
substantial decrease of the pole mass for the zero momen
mode, which is accompanied by a large increase of the w
~see Fig. 23!. Simultaneously the occupation number of t
lowest mode changes drastically while the occupation of
higher momentum modes remain about the same. We add
this effect as due to the onset of Bose condensation, wh
our successive iteration scheme breaks down. We note th
the present approach the system has to stay in a symm
phase which dynamically might no longer be preferred. Th
a future investigation including nonvanishing field expec
tion values@49# will be necessary to clarify the properties o
this phase transition.
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APPENDIX A: NUMERICAL IMPLEMENTATION

For the solution of the Kadanoff-Baym equations we ha
developed a computer program which differs in seve
points from the approach presented in Refs.@61,77#. Instead
of solving the second order differential equation~2.16! we
generate a set of first order differential equations for
Green functions in the Heisenberg picture

iGff
, ~x1 ,x2!5^f~x2!f~x1!&5 iG,~x1 ,x2!,

iGpf
, ~x1 ,x2!5^f~x2!p~x1!&5] t1

iGff
, ~x1 ,x2!,

iGfp
, ~x1 ,x2!5^p~x2!f~x1!&5] t2

iGff
, ~x1 ,x2!,

iGpp
, ~x1 ,x2!5^p~x2!p~x1!&5] t1

] t2
iGff

, ~x1 ,x2!, ~A1!

with the canonical field momentump(x)5]x0
f(x). The

first index p or f is always related to the first space-tim
argument. Exploiting the time-reflection symmetry of th
Green functions some of the differential equations are red
dant. The required equations of motion are given as

] t1
Gff

, ~p,t1 ,t2!5Gpf
, ~p,t1 ,t2!,

] tGff
, ~p,t,t !52i Im$Gpf

, ~p,t,t !%,

] t1
Gpf

, ~p,t1 ,t2!52V2~ t1!Gff
, ~p,t1 ,t2!1I 1

,~p,t1 ,t2!,

] t2
Gpf

, ~p,t1 ,t2!5Gpp
, ~p,t1 ,t2!,
6-25
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] tGpf
, ~p,t,t !52V2~ t !Gff

, ~p,t,t !

1Gpp
, ~p,t,t !1I 1

,~p,t,t !,

] t1
Gpp

, ~p,t1 ,t2!52V2~ t1!Gfp
, ~p,t1 ,t2!1I 1,2

, ~p,t1 ,t2!,

] tGpp
, ~p,t,t !52V2~ t !2i Im$Gpf

, ~p,t,t !%

12i Im$I 1,2
, ~p,t,t !%, ~A2!

wheret5(t11t2)/2 is the mean time variable. Thus we e
plicitly consider the propagation in the time diagonal dire
tion as in Ref.@57#. In the equations of motion~A2! the
current ~renormalized! effective energy including the time
dependent tadpole contribution enters

V2~ t !5p 21m21dmtad
2 1dmsun

2 1S̄d~ t !. ~A3!

The evolution in thet2 direction has not be taken into ac
count for Gff

, and Gpp
, since the Green functions beyon

the time diagonal (t2.t1) are determined via the time reflec
tion symmetry Gff/pp

, (p,t1 ,t2)52@Gff/pp
, (p,t2 ,t1)#*

from the known values for the lower time triangle in bo
cases. Since there is no time reflection symmetry for theGpf
functions, they have to be calculated~and stored! in the
whole t1 , t2 range. However, we can ignore the evolution
Gfp since it is obtained by the relationGfp

, (p,t1 ,t2)
52@Gpf

, (p,t2 ,t1)#* . The correlation integrals in Eq.~A2!
are given by

I 1
,~p,t1 ,t2!52E

0

t1
dt8@S.~p,t1 ,t8!2S,~p,t1 ,t8!#

3Gff
, ~p,t8,t2!1E

0

t2
dt8S,~p,t1 ,t8!

3@Gff
, ~2p,t2 ,t8!2Gff

, ~p,t8,t2!#, ~A4!

I 1,2
, ~p,t1 ,t2![] t2

I 1
,~p,t1 ,t2!

52E
0

t1
dt8@S.~p,t1 ,t8!2S,~p,t1 ,t8!#

3Gfp
, ~p,t8,t2!1E

0

t2
dt8S,~p,t1 ,t8!

3@Gpf
, ~2p,t2 ,t8!2Gfp

, ~p,t8,t2!#. ~A5!

In Eqs. ~A2! and ~A5! one can replaceGfp
, (p,t1 ,t2)

52@Gpf
, (p,t2 ,t1)#* such that the set of equations is clos

in the Green functionsGff
, , Gpf

, , andGpp
, .

The disadvantage, to integrate more Green functions
time in this first-order scheme, is compensated by its g
accuracy. As mentioned before, we especially take into
count the propagation along the time diagonal which lead
an improved numerical precision. The set of different
equations~A2! is solved by means of a fourth-order Rung
Kutta algorithm. For the calculation of the self-energies
apply a Fourier-method similar to that used in Refs.@54,57#.
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The self-energies~2.18!, furthermore, are calculated in coo
dinate space where they are products of coordinate-sp
Green functions~that are available by Fourier transform
tion! and finally transformed to momentum space.

APPENDIX B: RENORMALIZATION OF f4 THEORY
IN 2¿1 DIMENSIONS

In 211 space-time dimensions both self-energies~see Fig.
2! incorporated in the present case are ultraviolet diverg
Since we consider particles with a finite mass no proble
arise from the infrared momentum regime. The ultravio
regime, however, has to be treated explicitly.

For the renormalization of the divergences we only
sume that the time-dependent nonequilibrium distribut
functions are decreasing for large momenta comparabl
the equilibrium distribution functions, i.e., exponentiall
Thus we can apply the conventional finite temperature ren
malization scheme. By separating the real-time~equilibrium!
Green functions into vacuum (T50) and thermal parts it
becomes apparent, that only the pure vacuum contribut
of the self-energies are divergent. For the linear diverg
tadpole diagram we introduce a mass counterterm~at the
renormalized massm) as

dmtad
2 5E d2p

~2p!2

1

2vp
, vp5Ap21m2, ~B1!

that cancels the contribution from the momentum integrat
of the vacuum part of the Green function.

In the case of a sunset diagram only the logarithmica
divergent pure vacuum part requires a renormalization, w
it remains finite as long as at least one temperature lin
involved. Contrary to the case of 311 dimensions it is not
necessary to employ the involved techniques developed
the renormalization of self-consistent theories~in equilib-
rium! in Refs.@93,94#. Since the divergence only appears~in
energy-momentum space! in the real part of the Feynma
self-energySc at T50 ~and equivalently in the real part o
the retarded/advanced self-energiesSR/A), it can be absorbed
by another mass counterterm

dmsun
2 52ReST50

c ~p2!52ReST50
R/A ~p2!

5
l2

6 E d2q

~2p!2E d2r

~2p!2

3
1

4vqv rvq1r2p

vq1v r1vq1r2p

@vq1v r1vq1r2p#22p0
2

~B2!

at given 4-momentump5(p0 ,p) and renormalized massm.
In summary, we replace the nonrenormalized massm con-

tained in the original Lagrangian~2.1! by mB
25m21dmtad

2

1dmsun
2 with the mass counterterms given by Eqs.~B1! and

~B2!. Thus the divergent part of both diagrams
6-26
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
subtracted. The finite part is fixed such that for the vacu
case@n(p)[0# both renormalized self-energies vanish at t
renormalized massm.

In Figs. 18 and 19 we demonstrate the applicability of
renormalization prescription. To this aim we display two m
mentum modesupu/m50.0 ~upper plots! and upu/m52.0
~lower plots! of the equal-time Green functioniG,(upu,t,t)
for various momentum cutoffspmax/m5 6, 8, 10, 12, 14, 16,
18, 20, 22, 24 with~see Fig. 18! and without~see Fig. 19!
renormalization of the sunset self-energy. For both cases
renormalization of the tadpole diagram has been used.
mention, that a nonrenormalization of the tadpole self-ene
has even more drastic consequences in accordance wit
linear degree of divergence. For the nonrenormaliz
calculations—with respect to the sunset diagram—we
serve that both momentum modes do not converge with
creasing momentum space cutoff. In fact, all lines tend
infinity when the maximum momentum is enlarged~since the
grid size of the momentum grid is kept constant!. Although

FIG. 18. Time evolution of two momentum modesupu/m
50.0, upu/m52.0 of the equal-time Green function starting fro
the initial distribution D2~as specified in Sec. III A! with coupling
constantl/m514. With the renormalization of the sunset diagra
a proper limit is obtained when increasing the momentum cu
pmax/m56, 8, 10, 12, 14, 16, 18, 20, 22, 24.
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the divergence~as a function of the momentum cutoff! is
rather weak—in accordance with the logarithmic divergen
of the sunset self-energy in 211 space-time dimensions—
proper ultraviolet limit is not obtained.

This problem is cured by the sunset mass countert
~B2! as seen from Fig. 18. For the momentum modeupu/m
52.0 the calculations converge to a limiting curve with
creasing momentum cutoff. Even for the more selective c
of the upu/m50.0 mode of the equal-time Green function th
convergence is established. We point out that this limit
obtained for the unequal-time Green functions as well~not
shown here explicitly!. In fact, it turns out that the equal
time functions provide the most crucial test for the applic
bility of the renormalization prescription, since the diverge
behavior appears to be less pronounced for the propaga
along a single time directiont1 or t2. Thus we can conclude
that the renormalization scheme introduced above, i.e.,
cluding mass counterterms for the divergent tadpole and s
set self-energies, leads to ultraviolet stable results.

ff

FIG. 19. Time evolution of two momentum modesupu/m
50.0, upu/m52.0 of the equal-time Green function starting fro
the initial distribution D2 with coupling constantl/m514. Without
the renormalization of the sunset diagram the curves tend to infi
when enlarging the ultraviolet cutoff.
6-27
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APPENDIX C: GENERAL INITIAL CONDITIONS

In Sec. III we briefly have described our choice for t
initial conditions for the full dynamical equations; i.e., w
have taken some particular initial momentum distribution
interestn(p,t50) which is then inserted in the standard qu
siparticle expressions@compare Eq.~5.1!#:

Gff,qp
: ~p,t50,t850!5

2 i

2vp
$n~7p!1@n~6p!11#%,

Gfp,qp
: ~p,t50,t850!5

1

2
$7n~7p!6@n~6p!11#%,

Gpf,qp
: ~p,t50,t850!5

1

2
$6n~7p!7@n~6p!11#%,
ze
re
ly
iv

u
tic
-
to

ea
he

l
us

02500
f
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Gpp,qp
: ~p,t50,t850!5

2 ivp

2
$n~7p!1@n~6p!11#%.

~C1!

We note that for the energyvp in the above expression w
have taken the on-shell energy with the bare mass. T
straightforward procedure, though, is not the most gen
form for initial conditions within the standard Kadanof
Baym scheme. In principle, there existfour independent rea
valued numbers for characterizing the most general ini
condition instead of the two distributionsn(p,t50) and
n(2p,t50) in Eq. ~C1!.To this aim we first remark that the
formal solution of the Kadanoff-Baym equations~2.9!, in-
cluding all boundary conditions at the initial timet0, can be
cast in the form@20#
Gff
, ~x1,t1 ;x2,t2!5E

t050

`

dt8dt9E d3x8d3x9 GR~x1,t1 ;x8,t8! S,~x8,t8;x9,t9! GA~x9,t9;x2,t2!

1E d3x8d3x9FGR~x1,t1 ;x8,t050! Gpp
, ~x8,t0 ;x9,t0! GA~x9,t0 ;x2,t2!

2GR~x1,t1 ;x8,t050! Gpf
, ~x8,t0 ;x9,t0!

]

]t09
GA~x9,t09 ;x2,t2!

2
]

]t08
GR~x1,t1 ;x8,t08! Gfp

, ~x8,t0 ;x9,t0! GA~x9,t0 ;x2,t2!

1
]

]t08
GR~x1,t1 ;x8,t08! Gff

, ~x8,t0 ;x9,t0!
]

]t09
GA~x9,t09 ;x2,t2!G

t05t
085t

0950

. ~C2!
en
e

l
s of

ses.

i-
d
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This relation is sometimes denoted as a generali
fluctuation-dissipation theorem in the literatu
@15,16,20,24#. GR and GA represent the self-consistent
dressed retarded and advanced propagator, respect
within the real-time formalism~2.13!, ~2.14!. Since the
Kadanoff-Baym equations are second order differential eq
tions in time for both time arguments in case of a relativis
bosonic theory, Eq.~C2! obviously has to contain four inde
pendent initial real valued quantities. It is straightforward
show that iGff

, (p,t,t) and iGpp
, (p,t,t) are real valued,

whereasiGfp
, (p,t,t) and iGpf

, (p,t,t) are related to each
other by complex conjugation; hence we get two further r
quantities for the initial conditions. Furthermore, due to t
equal-time commutation relations, one first notes that~i!
Gff

, (p,t,t)5Gff
, (2p,t,t), Gpp

, (p,t,t)5Gpp
, (2p,t,t),

and ~ii ! Gfp
, (p,t,t)5Gpf

, (2p,t,t)21. Hence, for a rea
relativistic field theory for scalar bosons all the vario
Green functions for equal times at momentum2p are di-
rectly related to those at momentump. In total, this proves
d

ely,

a-

l

that apart from the two distributionsn(p) andn(2p) there
exist two further independent quantities for the initial Gre
functions~C1!. One is allowed, for example, to freely choos
the real and imaginary part ofGfp

, (p,t,t) instead of those
stated in Eq.~C1!. In more physical terms, the four initia
conditions correspond to the amplitudes and the phase
the two momentum modesp and2p. The ansatz in Eq.~C1!
represents a statistically averaged distribution for the pha

Inspecting further the formal solution~C2!, one notices
that all the various terms containing the four initial cond
tions and contributing toGff

, are damped by the retarde
and advanced propagator for timest1 ,t2.t050 and thus
will die out on a time scale of the inverse damping wid
~4.7!. Correspondingly, this is also the time scale of deph
ing and decoherence of the initial modes if particular pha
would have been chosen initially. As an example, some m
erate initial oscillations in the equal-time Green function c
be seen in Figs. 4 and 18. The modes need some tim
acquire their characteristic spectral dressing and collec
6-28
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
phase correlations, before the further~and rather smooth!
dynamics proceeds. This time is indeed roughly the inve
damping width for the various modes. The destruction
initial ~phase! correlations resembles the old conjecture
Bogolyubov @95# that the initial conditions do vanish afte
some finite time and do not show up any further in the s
sequent dynamics of the system.

As a final remark we note that one can principally a
take care of higher order initial correlations within the d
namical prescription, which arenot incorporated in Eq.~C2!
and in the standard Kadanoff-Baym equations@15,96–98#.
We recall that the standard real-time prescription stems f
a perturbative Wick-type expansion, which is valid for a sp
cial initial density operator of single-particle~Gaussian!
type. The Kadanoff-Baym equations then correspond to s
consistent and resummed Dyson-Schwinger equations
real-time for a given set of skeleton-type diagrams. On
other hand, initial correlations might~or should! existbeyond
the single-particle mean-field~or Gaussian! level. As we
have discussed in Sec. IV A, some particular higher or
correlations—in this case due to the quantal collisions—w
be generated dynamically during the course of the evolut
Hence, in principle, such correlations should also be ta
care of in the beginning of the evolution. This is not a simp
task, though: These nontrivial correlations lead to nonz
expectation values of normal-ordered operators, which
be taken care of by defining new types of contractions, wh
couple the time evolution of the system also to those hig
order correlations. For details of such a procedure we r
the interested reader to Refs.@15,96–98#.

APPENDIX D: SELF-CONSISTENT SPECTRAL
FUNCTIONS AT FINITE TEMPERATURE

Whenever dealing with strongly interacting systems
single-particle spectral function is of great importance.
particular for systems at high temperature and/or high de
ties the spectral functions may exhibit a large width co
nected to a possibly complicated structure rather t
showing ad-function shape as in the case of on-shell qua
particles.

For systems in equilibrium there are two standard
proaches for calculating the spectral function:~i! within the
imaginary-time formalism~ITF! by summation over discret
Matsubara frequencies,~ii ! within the real-time formalism
~RTF!, where the energy is considered as a real and cont
ous variable@92#. One great advantage of the approach~ii !
lies in the fact that it can be easily connected to the none
librium situation. Therefore, we will use for our further d
velopments the real-time formalism as familiar from no
equilibrium calculations. We recall that the perturbati
calculation of the sunset graph has been given in vari
works @99–102#. Very recently a first self-consistent trea
@p02p 2m 2dm 2S
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ment of thef4 theory in 311 dimensions up to this order ha
been presented in Ref.@94#.

In this appendix we present a method for the calculat
of self-consistent spectral functions, which~i! treats different
order contributions in the number of loops of the self-ene
on the same footing and~ii ! incorporates the finite width due
to the imaginary part of the self-energy. Thus the actual sp
tral function reenters the calculation and is iterated until s
consistency is reached.

Our iteration scheme is divided into the following step
~1! The Green functionsG,, G. are specified in energy

momentum space (p,p0). In the initial step this can be don
by assuming free Green functions~i.e., with d-function like
spectral functions! at the desired equilibrium temperatureT.

~2! We change to the mixed representation by Four
transformation with respect top0 and calculate the Gree
functionsG,, G. as a function of momentump and relative
time Dt. Since we are interested in a~static! equilibrium
situation, there is no dependence on a mean time variabl
case of the initial on-shell Green functions the mixed rep
sentation (p,Dt) is obtained analytically~5.1!.

~3! The collisional self-energiesS:(p,Dt) are calculated
in the mixed representation with the Green functio
G:(p,Dt) via Eq. ~2.18!.

Step 3 can be performed in several ways depending on
explicit structure of the self-energy diagrams. For the case
the sunset diagram inf4 theory we utilize another Fourie
method. Here the self-energies are first evaluated as a f
tion of relative spatial~and time! coordinates, since the sun
set self-energy is~in coordinate space! simply a product of
coordinate space Green functions that are available by F
rier transformation with respect to the momentum. In t
final step these self-energies are transformed by a sp
Fourier transformation back into the desired mixed repres
tation.

~4! From the collisional self-energiesS:(p,Dt) we deter-
mine the retarded self-energy as

SR~p,Dt !5Q~Dt !@S.~p,Dt !2S,~p,Dt !#. ~D1!

Thus the retarded self-energy is calculated in the mix
representation by explicit introduction of a step-function
relative time. As we will discuss below this is the main a
vantage of our scheme because it guarantees analyticity
thus the normalization of the self-consistent spectral fu
tion.

~5! The retarded self-energy is Fourier transformed ba
into energy-momentum space (p,p0) and separated into its
real part ReSR(p,p0) and its imaginary part, which is re
lated to the width asG(p,p0)522 ImSR(p,p0).

~6! Calculating, furthermore, the purely real tadpole se

energyS̄d the spectral function is given as
A~p,p0!5
G~p,p0!

2 2 2 2 d̄ R 2 2
. ~D2!
2ReS ~p,p0!# 1G ~p,p0!/4
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Here, in addition to the initial physical massm the mass
countertermsdm25dmtad

2 1dmsun
2 enter and have to be ca

culated independently~see Appendix B!. The expression
~D2! for the spectral function is valid in general within a fir
order gradient expansion of the transport equation an
exact in equilibrium @81#. It is obtained asA(p,p0)
522 ImGR(p,p0) from the Green function that solves th
retarded Dyson-Schwinger equation~2.15!.

~7! Now we can determine the Wightman functionsG,,
G. in the next iteration step in energy-momentum space
the relations

iG,~p,p0!5Neq~p0 ,T! A~p,p0!,

iG.~p,p0!5@11Neq~p0 ,T!# A~p,p0!. ~D3!

The separation of the Wightman functions into distributi
functionsN and spectral functionA is always possible and
well-known from the derivation of transport equations@81#.
We recall that in thermal equilibrium the distribution fun
tion N only depends on the energy variablep0 and is inde-
pendent of the momentap. It is given—for the scalar
theory—by the Bose distribution

Neq~p0 ,T!5
1

exp~p0 /T!21
~D4!

at equilibrium temperatureT. The method is not restricted t
finite temperature, but can be easily extended to finite de
ties. The presence of conserved quantities, as given f
charged complex scalar theory in the most simple case,
be accounted for by inclusion of a corresponding chem
potential m in the Bose distribution function. In therma
equilibrium the Wightman functions are connected by
Kubo-Martin-Schwinger~KMS! periodicity condition

G.~p,p0!5exp~p0 /T!G,~p,p0! ~D5!

as inherent in the relations~D3!. The same holds for the
collisional self-energies at finite temperature. Thus the ca
lations take slightly less effort than implied above.

By calculating the new Green functions in step~7! we
have closed the iteration loop. The iteration procedure is
entered at step~2!, where the new Green functions are tran
formed to relative time space in order to calculate the co
sponding new collisional self-energies. The alternat
calculation of the Green functionG, and of the spectra
function A is performed until self-consistency is reached.

The scheme proposed above has one central advanta
comparison to the related approach given in Ref.@103#. In
that case an iteration loop between the Green function
the spectral function or—to be more precise—the width
used as well. The width is determined from the imagina
part of the collisional self-energies directly in energ
momentum space and inserted into the equation for the s
tral function. The real part, however, is either neglected
calculated by a dispersion relation in energy. The impro
ment of our method lies in using the mixed representati
Since the retarded self-energy is calculated in (p,Dt) space
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with an explicit Q-function in relative time, analyticity is
imposed automatically, i.e., the real part ReSR(p,p0) and
the imaginary part ImSR(p,p0) of the retarded self-energ
in energy-momentum space are connected by a disper
relation. Furthermore, the spectral functionA is normalized
accordingly. This is not the case for some schemes that
tain the real part and the imaginary part of the retarded s
energy by different methods. Here problems with the norm
ization of the spectral function and analyticity may aris
Later on we will illustrate this point in detail.

A further advantage lies in the fact that our method, es
cially in combination with the Fourier prescription for th
momentum integrals, is computationally fast in comparis
to standard procedures of calculating multidimensional m
mentum integrals. Furthermore, due to the spherical sym
try of the equilibrium state it can be performed very ef
ciently. Moreover, it is easily applied to all temperatures a
chemical potentials, i.e., as long as the distribution funct
Neq(p0 ,T,m) is specified.

Our scheme is appropriate for simple self-energies, as
example the sunset diagram. Basically it is applicable a
for more complex diagrams since it always reduces the n
ber of necessary integrations. The whole procedure pro
from the fact that the appearing convolution integrals in m
mentum and energy correspond to ordinary products
coordinate-space functions. Thus the required integration
obtain the self-energy can be reduced considerably. In c
of the sunset diagram, that has only two external poi
~given by the coordinates of the self-energy! but no internal
points, integrations can be avoided completely besides
Fourier transformation itself. For more complicated diagra
one has to integrate over the space-time coordinates o
internal points. Nevertheless, at least the contributions fr
the external points can be handled in a multiplicative man
rather than performing time consuming energy-moment
integrations.

When discussing the range of applicability of our meth
one should note as well, that it is mainly suited for fie
theories that are void of complicated renormalization p
scriptions. In our case off4 theory in 211 space-time di-
mensions the renormalization can be done by simple m
counterterms since only the pure vacuum contributions
both self-energies diverge. This mass renormalizat
scheme can be easily included in the iteration procedure
seen by the representation for the spectral function~D2!. In
cases of diverging diagrams, that contain temperature de
dent parts, the renormalization procedure is much more
volved @93,94#. In such situations our method might be com
plicated significantly.

In the following we show the actual results calculat
within the self-consistent scheme described above. The
pole self-energy as well as the retarded sunset self-energ
included self-consistently using the renormalization presc
tion of Appendix B. In Fig. 20 the widthG is displayed as a
function of the energyp0 for four different momentum
modesupu/m50, 2, 4, 6 for a temperature ofT/m51.835
and a coupling constant ofl/m518. This configuration cor-
responds to the thermalized state obtained by the time e
lution of the polar symmetric initial momentum distribution
6-30
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
D1, D2, D3, and DT in Sec. III. For comparison we prese
furthermore, the width as obtained by a perturbative calcu
tion ~as indicated by the dashed lines! for the same momen
tum modes, and with the same external parametersT andl.
The results have been obtained with the~self-consistent! ef-
fective massmtad,it* /m51.490 on the tadpole level, i.e., by th
iterative solution of the tadpole gap equation. This is in
spirit of Wang and Heinz@101# who firstly determined the
effective mass in lowest order~also in a self-consistent way!
and inserted this mass in the following into the expressi
for the width calculated within the next order. We see fro
Fig. 20 that the perturbative width shows a similar~two
maxima! shape for all momentum modes~for the given case
of m* ,Teq). It is characterized by an increase towards

maximum around the on-shell energyvp* 5Ap21m* 2 and
falling off beyond. This behavior stems from the 2↔2 pro-
cesses in the self-energies as indicated for the highest
mentum modeupu/m56 by the thin line. Particles can b
scattered by other particles—present in the system at fi
temperature—such that they achieve the shown~collisional!
damping width. This collision contribution vanishes for
system at temperatureT50. Furthermore, particles with suf
ficient energy can decay into three other particles. Above

threshold ofp0,th(p)5Ap21(3m* )2 these 1↔3 processes
lead to an increase of the width~as marked for the highes
momentum mode by the second thin line!. Finally, the width
G decreases for larger energies and assumes a mome
independent constant value in the high energy limit. T
behavior is in contrast to the case of 311 dimensions, where
the width shows a monotonous increase for very high en
gies.

In comparison, the width calculated within the se
consistent scheme shows a similar two maximum sha
Here, both processes are incorporated although they ca
be separated easily due to the self-consistent iteration.
parently, the sharp structures present in the perturbative

FIG. 20. Self-consistent width~solid lines! and perturbative
width ~dashed lines! as a function of the energyp0 /m for various
momentum modesupu/m50, 2, 4, 6 for a thermal system at tem
peratureT/m51.835 with coupling constantl/m518. For the
highest momentum modeupu/m56 of the perturbative calculation
the collision contribution (2↔2) and the decay contribution
(1↔3) to the width are explicitly displayed.
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culation have been washed out considerably. The kink st
tures resulting from threshold effects slightly disappear si
the ~broad! spectral function reenters the evaluation in th
iteration scheme. Furthermore, also the position of the fi
maximum can be moved, as seen especially for the low m
mentum modes. This is an effect of the self-consistent sp
tral function that accounts also for mass shifts caused by
tadpole self-energy and the real part of the retarded su
self-energy. Overall, Fig. 20 shows that the width in the se
consistent calculation can be significantly larger than in
corresponding perturbative estimate. However, the diff
ences are reduced for smaller coupling constants in ag
ment with results obtained within the classical approximat
@104#.

In Fig. 21 we present the corresponding spectral functi
for the system at temperatureT/m51.835 and coupling con-
stant l/m518. The spectral functions are displayed as
function of the energy for the same four momentum mod
of upu/m50, 2, 4, 6. We observe that the larger width of t
full self-consistent calculation~solid lines! in comparison to
the perturbative result~dashed lines in Fig. 21! reflects itself
in a slightly broader spectral function. Furthermore, the p
turbative spectral function is located at higher energies co
pared to the full result, in particular for the low momentu
modes. This is due to the fact that in the perturbative cal
lation the effective mass of the particles is fixed befo
evaluating the width by a solution of the tadpole gap eq
tion. Mass modifications due to the interactions of high
order are neglected within this approximation in line wi
Ref. @101#, where the spectral function is determined sole
by the imaginary part of the retarded self-energy. On
other hand, the reduction of the effective mass due to the
part of the retarded sunset self-energy is included in the s
consistent approach leading to a shift of the spectral func
maxima to lower on-shell energies. Moreover, the tadp

FIG. 21. Self-consistent spectral function as a function of
energyp0 /m for various momentum modesupu/m50, 2, 4, 6 for a
thermal system at temperatureT/m51.835 with coupling constan
l/m518 ~solid lines!. Furthermore, spectral functions as obtain
in a perturbative calculation with~dotted lines! and without~dashed
lines! inclusion of the real part of the retarded self-energy a
shown in comparison.
6-31
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mass shift is not fixed in that calculation but modified duri
the iteration process as well. In the present case the mom
tum and energy independent tadpole mass shift within
self-consistent second order calculation is given
Dmtad

2 /m251.094 in comparison to the value obtained for t
first order calculation by the tadpole gap equation
Dmtad

2 /m251.220. This indicates already a shift of the spe
tral function to lower on-shell energies although the size
small compared to the effect coming from the second or
self-energy. Thus both spectral functions are getting clo
again for higher momenta where the sunset mass shi
smaller.

At this point we emphasize that the spectral function o
tained by the self-consistent scheme obeys the normaliza
condition to high accuracy~4.6!. This is not the case for a
perturbative calculation where only the imaginary part of
retarded self-energy is taken into account as in Ref.@101#.
When inserting only the expression for the width into t
equilibrium form of the spectral function but neglecting t
real part of the retarded self-energy, the normalization c
dition may be violated strongly. In the present perturbat
calculation the correct normalization is underestimated
'20% for the small momentum modes. Thus these kind
spectral functions, furthermore, strongly violate the desi
analyticity properties. In order to show the importance of
real part of the retarded self-energy even on the shape o
spectral function we present in Fig. 21 a calculation wh
takes this contribution explicitly into account. Calculatin
the complete retarded self-energy perturbatively with an
fective mass ofmtad,it* /m51.490 yields the spectral functio
displayed for the same momentum modes with dotted lin
We see that the shape of the spectral function is stron
affected in particular for the small momentum modes. T
inclusion of the real part causes a significant shift of
spectral function downwards to lower energies. Since
width is smaller in that region~see Fig. 20!, the spectral
function assumes—especially for the low momentu
modes—a much narrower shape. Nevertheless, the inclu
of the real part of the retarded self-energy leads to a pro
normalization of the corresponding spectral functions. S
there is a significant disagreement between the improved
turbative~dotted line! and the self-consistent solution~solid
line!.

As the final part of this appendix we consider the case
massless scalar fields in the Lagrangian~2.1!. The dynamics
of massless quantum field theory has been extensively
cussed over the last years especially for the dynamics of
soft, infrared modes which might be described by class
wave dynamics. In particular the diffusion rate of the top
logical charge in electroweak theory has been calcula
within classical simulations@105#. The connection betwee
classical and quantal correlation functions has then b
worked out in a variety of papers@106#. Also it was shown
recently withinf4 theory that the classical wave dynamics
equivalent to a standard Boltzmann description for the s
modes when including the correct Bose statistics and sta
in the weak coupling regime@107#.

From our ~numerical! studies we find no qualitative dif
ference in the dynamics of massless fields compared to
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one with finite masses for moderate couplings. This is
case due to the generation of an effective thermal mass
the leading tadpole diagram as suggested in Ref.@108#. We
note that there is a logarithmic divergence in the infrar
sector for the sunset self-energy in vacuum for 211 dimen-
sions@see Eq.~B2!# and thus a subtlety, which we have cure
by evaluating the vacuum counterterm in our renormalizat
description at a very small but finite mass.

In the following we concentrate on the structure of t
spectral function with respect to the coupling strengthl/T.
In Fig. 22 the spectral function of three low momentu
modesupu/T50.0, 0.5, 1.0 for various coupling constan
l/T52, 2.5, 3, 3.5, 4, 4.1, 4.2, 4.25, 4.265 as a function
energyp0 /T is displayed. Since the temperature represe
the scale for the massless case, we give all quantities in u
of T. We find that the spectral function is shifted to larg
energies with increasing and still moderate coupling stren
(l/T<3.5). However, in the strong coupling regime (l/T
.3.5) especially the spectral function of the zero moment
mode moves downward again, leading to a major reduc
of the effective mass. Simultaneously, the spectral wi
grows with the coupling constantl/T. Thus for large cou-
plings the on-shell width becomes comparable to the eff
tive mass~as given by the maximum position of the ze
mode spectral function!.

To summarize our findings we show in Fig. 23~upper
part! the evolution of the on-shell energy of the zero mome
tum mode as a function of the coupling constantl/T. The
effective mass—as given by the maximum of the spec
function—increases withl/T up to moderate couplings
l/T'3.5 which is—as already discussed for the nonz
mass case—essentially an effect of the mass generatio
the tadpole self-energy. For larger couplingsl/T.3.5 the
contribution from the retarded self-energy plays a more
portant role and results in a decrease of the effective m
The reduction of the effective mass becomes rather str

FIG. 22. Spectral functions of three momentum modesupu/T
50.0, 0.5, 1.0 for different coupling constantsl/T52, 2.5, 3, 3.5,
4, 4.1, 4.2, 4.25, 4.265 as a function of energy for the massless
m50. With increasing couplingl/T the spectral function of the
zero momentum mode becomes broader and moves to lo
energies.
6-32
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
for couplingsl/T>4.25 indicating a significant shift of the
corresponding self-consistent spectral function to smaller e
ergies. This behavior is accompanied by a strong increase
the on-shell widthgv(upu50) of the zero momentum mode

FIG. 23. Effective mass~upper plot! and on-shell width of the
zero momentum mode~middle plot! as a function of the coupling
constantl/T for a massless theory. With increasing couplingl/T
the occupation number of the zero momentum mode grows cons
erably in contrast to higher momentum modes~lower plot! indicat-
ing the onset of Bose condensation forl/T.4.26.
02500
n-
of

as seen from Fig. 23~middle part!. While the width grows
smoothly with the coupling constant for moderate couplin
we find a strong steepening in the high coupling regime
well. Thus the zero mode spectral function for high coupli
constants becomes extremely broad with an on-shell w
comparable to or even larger than its effective mass.

As seen from Fig. 23 the evolution of the self-consiste
spectral function in the strong coupling regime becomes
gular and critical, such that the iteration processes do
lead to a convergent result forl/m'4.266. We address thi
effect to the onset of Bose condensation. In order to illustr
this interpretation we show in Fig. 23~lower part! the change
of the effective occupation number@as obtained from the
equal-time Green functions~4.29!# with the couplingl/T for
four different momentum modesupu/T50.0, 0.5, 1.0, 1.5.
Whereas the effective particle number of the higher mom
tum modes remain approximately constant, the occupa
number of the zero momentum mode changes rapidly
l/T.4.26 indicating a preferential occupation of the co
densate mode for higher couplings.

We recall that such an onset of a Bose condensatio
possible for the massless relativistic theory in 211 space-
time dimensions. Although the effective mass is not identi
to zero we observe significant spectral support at low en
gies due to the broad spectral functions for the strongly
teracting system. We note that in the present description
system has to stay in the symmetric phase, where no co
ent field can develop. However, when including additiona
a nonvanishing field expectation value@49#, the symmetry
will be broken and the system might enter a new phase
detailed investigation of the issue we delay to a future stu

APPENDIX E: STATIONARY STATE OF THE
BOLTZMANN EVOLUTION

In Secs. III and IV we have described the characteris
of equilibration within the full Kadanoff-Baym theory. In
this appendix we additionally show the nonequilibrium ev
lution in the Boltzmann limit and in particular work out th
differences in both approaches.

In Fig. 24 we present the time evolution of various m
mentum modes for the initial momentum space distributio
D1, D2, D3 within the Boltzmann equation. In these calc
lations the effective on-shell energies are determined by
cluding the time-dependent renormalized tadpole self-ene
The distributions D1, D2, D3 have been modified relative
our study of the Kadanoff-Baym dynamics in Sec. III su
that they~i! have the same energy density with respect to
modified total energy~where all sunset contributions are a
sent! and~ii ! are self-consistent with respect to the effecti
tadpole mass in order to avoid strong initial oscillations
duced by a sudden change of the on-shell energies at
early times. For completeness we note, that the initial eff
tive masses are determined by the solution of a gap equa
taking into account the energy- and momentum-independ
tadpole self-energy for the given initial momentum distrib
tion.

We see from Fig. 24 that the time evolution given by t
on-shell Boltzmann approximation deviates in several

id-
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JUCHEM, CASSING, AND GREINER PHYSICAL REVIEW D69, 025006 ~2004!
pects from the Kadanoff-Baym dynamics. At first we fin
that in case of the Boltzmann equation the equal-energy
tial distributions D1, D2, and D3 equilibrate towards diffe
ent stationary states fort→`. This can directly been read o
from Fig. 24 when comparing the final occupation numb
of the various momentum modes. This behavior is in cont
to the Kadanoff-Baym evolution where all initial distribu
tions with the same energy reach a common stationary s
~see Fig. 4!. As pointed out in Sec. IV D this is an effect o
the chemical equilibration mediated by particle number n
conserving processes, which are included in the Kadan

FIG. 24. Time evolution of momentum modesupu/m50.0, 0.8,
1.6, 2.4, 3.2, 4.0 of the distribution functionN for initializations D1
~upper plot!, D2 ~middle plot!, and D3~lower plot! in the Boltz-
mann approximation forl/m5 18. All initial configurations~of the
same energy! equilibrate, but lead to different stationary states~note
the different scales!.
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Baym dynamics since the full spectral function is taken in
account. For the on-shell Boltzmann approximation, ho
ever, the particle number is strictly conserved and thus
initializations D1, D2, D3, that contain different number
particles, cannot approach the same final state. Accordin
the stationary state of the nonthermal initializations D1, D
D3 exhibits a finite chemical potential~see below!. Without
explicit representation we note that the self-consistent ini
configuration DT is already the thermal state of the Bol
mann equation and all momentum modes remain constan
time, whereas within the Kadanoff-Baym dynamics t
‘‘free’’ thermal initialization DT evolves in time due to the
generation of correlations~see Sec. IV A!.

In order to demonstrate, that the time evolution on t
basis of the Boltzmann equation leads to a thermal stat
quasiparticle excitations, we show in Fig. 25 the on-sh
distribution N(p,t) as a function of the time-dependent o
shell energyvp(t) for various timest•m525, 50, 75, 100,
150, 200, 300, 500 for the initialization D1 and couplin
strengthl/m518. We have displayed the quantity

F~p,t !5 ln@111/N~p,t !# ~E1!

in order to obtain a straight line with slope 1/T and intersec-
tion point 2m/T in case of a Bose distributionN
51/$exp@(vp2m)/T#21% with temperatureT and chemical
potentialm. We see from Fig. 25 that the distribution at ear
times (t•m525) is small for very low and very high mo
menta as reflected by the high values of the quantityF in the
low and high energy regime. The particle accumulation
finite momentum for initialization D1@see Fig. 3~lower
part!# shows up as a small dip in the curve. In course of
time evolution these structures slowly vanish such that
nally a straight line is reached~see lines fort•m5300, 500!

FIG. 25. Distribution functionF as a function of the time-
dependent on-shell energyvp(t) for various timest•m525, 50, 75,
100, 150, 200, 300, 500 starting from an initial configuration D
with coupling constantl/m518. For large times a thermal state—
characterized by a straight line in this representation—is reac
with temperatureT/m51.260 and finite chemical potentialm/m
51.297 as indicated by the fitting function~dotted lines!.
6-34
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QUANTUM DYNAMICS AND THERMALIZATION FO R . . . PHYSICAL REVIEW D 69, 025006 ~2004!
indicating that the stationary limit is indeed a thermal dis
bution ~at temperatureT/m51.260). However, the chemica
potential of the stationary distribution is nonvanishing—
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@11# L.V. Keldysh, Zh. Éksp. Teor. Fiz.47, 1515~1964! @Sov. Phys.

JETP20, 1018~1965!#.
@12# R.A. Craig, J. Math. Phys.9, 605 ~1968!.
@13# L.P. Kadanoff and G. Baym,Quantum Statistical Mechanic

~Benjamin, New York, 1962!.
@14# D.F. DuBois, in Lectures in Theoretical Physics, edited by

W.E. Brittin ~Gordon and Breach, New York, 1967!, pp. 469–
619.

@15# P. Danielewicz, Ann. Phys.~N.Y.! 152, 239 ~1984!.
@16# K. Chou, Z. Su, B. Hao, and L. Yu, Phys. Rep.118, 1 ~1985!.
@17# J. Rammer and H. Smith, Rev. Mod. Phys.58, 323 ~1986!.
@18# E. Calzetta and B.L. Hu, Phys. Rev. D37, 2878~1988!.
@19# H. Haug and A.P. Jauho,Quantum Kinetics in Transport and

Optics of Semiconductors~Springer, New York, 1999!.
@20# C. Greiner and S. Leupold, Ann. Phys.~N.Y.! 270, 328~1998!.
@21# W. Cassing, Z. Phys. A327, 447 ~1987!.
@22# W. Cassing, K. Niita, and S.J. Wang, Z. Phys. A331, 439

~1988!.
@23# W. Cassing, V. Metag, U. Mosel, and K. Niita, Phys. Rep.188,

363 ~1990!.
02500
-

s
t

n

is

r-

ticles such that the final temperature is considerably low
Thus, in general, the Boltzmann approximation does
drive the system to the proper equilibrium state of the neu
f4 theory, which is characterized by a vanishing chemi
potential.

Furthermore, we see from Fig. 24 that in the Boltzma
limit the momentum modes evolve monotonically in tim
there is no overshooting of the stationary limit as observed
the Kadanoff-Baym picture~see Fig. 4!. Thus the nonmono-
tonic behavior shows up as a quantum phenomenon th
missing in the semiclassical treatment.

o,

@24# B. Bezzerides and D.F. DuBois, Ann. Phys.~N.Y.! 70, 10
~1972!.
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