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Quantum dynamics and thermalization for out-of-equilibrium ¢* theory

S. Juchem, W. Cassing, and C. Greiner
Institut fur Theoretische Physik, Universtt&iessen, D-35392 Giessen, Germany
(Received 29 July 2003; published 30 January 2004

The quantum time evolution of*-field theory for a spatially homogeneous system i12space-time
dimensions is investigated numerically for out-of-equilibrium initial conditions on the basis of the Kadanoff-
Baym equations including the tadpole and sunset self-energies. Whereas the tadpole self-energy yields a
dynamical mass, the sunset self-energy is responsible for dissipation and an equilibration of the system. In
particular we address the dynamics of the spec¢tadf-shell” ) distributions of the excited quantum modes and
the different phases in the approach to equilibrium described by Kubo-Martin-Schwinger relations for thermal
equilibrium states. The investigation explicitly demonstrates that the only translation invariant solutions rep-
resenting the stationary fixed points of the coupled equation of motions are those of full thermal equilibrium.
They agree with those extracted from the time integration of the Kadanoff-Baym equatidnsfarFurther-
more, a detailed comparison of the full quantum dynamics to more approximate and simple schemes such as
that of a standard kineti@n-shel) Boltzmann equation is performed. Our analysis shows that the consistent
inclusion of the dynamical spectral function has a significant impact on relaxation phenomena. The different
time scales that are involved in the dynamical quantum evolution towards a complete thermalized state are
discussed in detail. We find that far off-shel-13 processes are responsible for chemical equilibration, which
is missed in the Boltzmann limit. Finally, we briefly address the cagbar® massless fields. For sufficiently
large couplings\ we observe the onset of Bose condensation, where our scheme within symyretiieory
breaks down.
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I. INTRODUCTION matter denoted as the quark-gluon plasi@&P [5], there
are experimental indications—such as the build up of collec-
Nonequilibrium many-body theory or quantum field tive flow—for an early thermalization accompanied with the
theory has become a major topic of research for describinfuild up of a very large pressure. Furthermore, the phenom-
transport processes in nuclear physics, cosmological partickenon of disoriented chiral condensat@CCs during the
physics and condensed matter physics. The multidisciplinarghiral phase transition has lead to a considerable progress for
aspect arises due to a common interest in understanding tiggir understanding of nonequilibrium phase transitions at
various relaxation phenomena of quantum dissipative sysshort time scales over the last decésiee, e.g., Ref$6—8]).
tems. Recent progress in cosmological observations has alédl these examples demonstrate that one needataimitio
intensified the research on quantum fields out of equilibriumunderstanding of the dynamics of out-of-equilibrium quan-
Some important questions in high-energy nuclear or particléum field theory.
physics at the highest energy densities are as folldiys. The powerful method of the “Schwinger-Keldysh”
How do nonequilibrium systems in extreme environmentd9—-12] or “closed-time-path”(CTP) (nonequilibrium real-
evolve?(ii) How do they eventually thermaliz¢i® ) How do  time Green functions has been shown to provide an appro-
phase transitions occur in real-time with possibly nonequilibpriate basis for the formulation of the special and complex
rium remnants?iv) How do such systems evolve for unprec- problems in the various areas of nonequilibrium quantum
edented short and nonadiabatic time scales? many-body physics. Within this framework one can derive
The very early history of the Universe provides scenariosgnd find valid approximations—depending, of course, on the
in which nonequilibrium effects might have played an impor-problem under consideration—by preserving overall consis-
tant role, such as in th@ost) inflationary epoquésee, e.g., tency relations. Originally, the resulting causal Dyson-
Refs. [1-3]), for the understanding of baryogenegsee, Schwinger equation of motion for the one-particle Green
e.g., Ref[1]) and also for the general phenomena of cosmofunction (or two-point function, i.e., the Kadanoff-Baym
logical decoherencésee, e.g., Refl4]). In modern nuclear (KB) equationg13], has served as a basis for deriving vari-
physics the understanding of the dynamics of heavy-ion colous transport phenomena and generalized transport equa-
lisions at various bombarding energies has always been tons. These equations might be considered as an ensemble
major motivation for research on nonequilibrium quantumaverage over the initial density matrix"(to)=|i)p{(j|
many-body physics and relativistic quantum field theoriescharacterizing the preparation of the initial state of the sys-
since the initial state of a collision resembles an extreméem, which can be far out of equilibrium. For review articles
nonequilibrium situation while the final state might even ex-on the Kadanoff-Baym equations in the various areas of non-
hibit a certain degree of thermalization. Indeed, at the presequilibrium quantum physics we refer the reader to Refs.
ently highest energy heavy-ion collider experiments at thé14—19. We note in passing, that also the “influence func-
BNL Relativistic Heavy lon CollidefRHIC), where one ex- tional formalism” has been shown to be directly related to
pects to create experimentally a transient deconfined state die KB equation$20]. Such a relation allows us to address
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inherent stochastic aspects of the latter and also to provide KB equations; in their general forfibeyond the mean-field
rather intuitive interpretation of the various self-energy partsor Hartre€-Fock approximation they do break time invari-
that enter the KB equations. The presencé&ofntum noise  ance and thus lead to irreversibility. This macroscopic irre-
and dissipation—related by a fluctuation-dissipationversibility arises from the truncations of the full theory to
theorem—guarantees that the modes or particles of an opebtain the self-energy operators in a specific limit. As an
system become thermally populated on average in the longexample, we mention the truncation of tkexac} Martin-
time limit if coupled to an environmental heat b4&0]. Schwinger hierarchy in the derivation of the collisional op-
Furthermore, kinetic transport theory is a convenient tookrator in Ref,[26] or the truncation of théexac) BBGKY
to study many-body nonequilibrium systems, nonrelativistichierarchy in terms ofi-point functions[26,45-51.
or relativistic. Kinetic equations, which do play the central In principle, the nonequilibrium quantum dynamics is
role in more or less all practical simulations, can be derivechonperturbative in nature. Unphysical singularities only ap-
by means of appropriate KB equations within suitable appear in a limited truncation scheme, e.g., ill-defined pinch
proximations. Hence, a major impetus in the past has been wingularities[52], which arise at higher order in a perturba-
derive semiclassical Boltzmann-like transport equationgive expansion in out-of-equilibrium quantum field theory,
within the standard quasiparticle approximatip2l—23. are regularized by a consistent nonperturbative description
Additionally, off-shell extensions by means of a gradient ex-(of Schwinger-Dyson typeof the nonequilibrium evolution,
pansion in the space-time inhomogeneities—as already intrgince the resummed propagators obtain a finite wigj.
duced by Kadanoff and Bayifil3]—have been formulated Such a regularization is also observed by other resummation
for: a relativistic electron-photon plasnja4|, transport of schemes such as the dynamical renormalization group tech-
electrons in a metal with external electrical fi¢Rb], trans-  nique developed recent[y3].
port of nucleons at intermediate heavy-ion reactip2s], Although the analogy of KB-type equations to a
transport of particles im* theory[18,27), transport of elec- Boltzmann-like process is quite obvious, this analogy is far
trons in semiconductofd 9,28, transport of partons or fields from trivial. The full quantum formulation contains much
in high-energy heavy-ion reactiof29-32, or a trapped more information than a semiclassicgenerally on-shell
Bose system described by effective Hartree-Fock-Boltzmann equation. The dynamics of the spediral, “off-
Bogolyubov kinetic equation§33]. We recall that on the shell”) information is fully incorporated in quantum dynam-
formal level of the KB equations the various forms assumedcs while it is missing in the Boltzmann limit. A full answer
for the self-energy have to fulfill consistency relations into the question of quantum equilibration can thus only be
order to preserve symmetries of the fundamental Lagrangiaabtained by a detailed numerical solution of the quantum
[13,34,39. This also allows for a unified treatment of stable description itself. This is the basic aim of our present study.
and unstable(resonanck particles. We will shortly come Before pointing out the scope of the present paper, we
back to this last development. briefly address previous works that have investigated nu-
In nonequilibrium quantum field theory typically the non- merically approximate or full solutions of KB-type equa-
perturbative description ofsecond-orderphase transitions tions. A seminal work was carried out by Danielew[&],
has been in the foreground of interest by means of mearwho for the first time investigated the full KB equations for
field (Hartree descriptions[2,7,36—39, with applications a spatially homogeneous system with a deformed Fermi
for the evolution of disoriented chiral condensates or the desphere in momentum space for the initial distribution of oc-
cay of the(oscillating inflaton in the early reheating era. cupied momentum states in order to model the initial condi-
“Effective” mean-field dissipation (and decoherenge-  tion of a heavy-ion collision in the nonrelativistic domain. In
solving the so-called “back-reaction” problem—was incor- comparison to a standard on-shell semiclassical Boltzmann
porated by particle production through order parameters exequation the full quantum Boltzmann equation showed quan-
plicitly varying in time. However, it had been soon realized titative differences, i.e., a larger collective relaxation time for
that such a dissipation mechanism, i.e., transferring colleceomplete equilibration of the momentum distributit(p,t).
tive energy from the time-dependent order parameter to paifhis “slowing down” of the quantum dynamics was attrib-
ticle degrees of freedom, cannot lead to true dissipation andted to quantum interference and off-shell effects. Similar
thermalization. Such a conclusion has already been knowquantum modifications in the equilibration and momentum
for quite some time within the effective description of heavy-relaxation have been found in R¢21] and for a relativistic
ion collisions at low energy. Full time-dependent Hartree orsituation in Ref.[55]. Particular emphasis was put in this
Hartree-Fock descriptiongl0] were insufficient to describe study[55,56 on nonlocal aspectén time) of the collision
the reactions with increasing collision energy; additionalprocess and thus the potential significance of memory effects
Boltzmann-like collision terms had to be incorporated in or-on the nuclear dynamics. Full and more detailed solutions of
der to provide a more adequate description of the collisiomonrelativistic KB equations were performed by Her
processes. [57,58 with special emphasis on the build up of initial
The incorporation of true collisions has also been formu-many-body correlations on short time scales. Moreover, the
lated for the various quantum field theorigk8,41-44. In role of memory effects has been clearly shown experimen-
any case, the understanding and the influence of dissipatidally by femtosecond laser spectroscopy in semiconductors
with the chance for true thermalization—by incorporating[59] in the relaxation of excitons. Solutions of quantum
collisions—has become a major focus of recent investigatransport equations for semiconduct$i®,60—to explore
tions. The resulting equations of motion always resemble theelaxation phenomena on short time and distance scales—
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have also become a very active field of research. and compressed nuclear mattesee, e.g., Refs[85,86]),
During the last years the description of nonequilibriumsince the leptonic decay products are of only weakly inter-
real-time dynamics within the two-particle irreduci2Pl)  acting electromagnetic nature. Indeed, the CERES experi-
effective action formalism has regained strong interest. Firstnent[87] at the SPS at CERN has found a significant en-
numerical studies in this context for the time evolution ofhancement of lepton pairs for invariant masses below the
relativistic quantum fields have been carried out f6t  Pole of thep meson, giving evidence for such modifications.
theory in 1+1 dimensions within the three-loop approxima- Hence, a consistent formulation for the transport of ex-
tion of the effective actio61]. The method has also been tremely short-lived particles beyond the standard quasiparti-
applied to the homogeneo@(N) model performing a sys- cle approximation is nee_ded. On th_e one side, pu_rely formal
tematic expansion in I [62] or within the bare vertex ap- developments exist starting from a first-order gradient expan-
proximation[63]. All these calculations exhibit thermaliza- Sion of the underlying KB equatiorj$8,80,84, while on the
tion since true scattering processes are included, i.e., beyorfdher side, first practical realizations for various questions
leading order. Thus the treatment within the 2P effectivehave already emergdd9,81-83,8% The general idea is to
action remedies the shortcomings of one-particle irreducibl@btain a description for the propagation of the off-shell mass
effective action approaches, that fail to show thermalizatiorsduaredM?—M§5. A fully ab initio investigation, however,
and do not reach the appropriate long-time lif7it64]. The  without any further approximations, does not exist so far.
investigations have been extended to the symmetry broken Our work is organized as follows. In Sec. II we will
phase where the bare vertex approximation resums a larg@resent the relevant equations for the nonequilibrium dynam-
series than contained in the 2PNLexpansion at next-to- ics in case ofg* theory, i.e., briefly derive the Kadanoff-
leading order[65—67. Furthermore, first extraploratory Baym equations of interest. Section Ill is devoted to the first
studies have been performed for tBN) model in 3+1  numerical studies on equilibration phenomena and separation
dimensions also including a finite expectation value for theof time scales employing different initial configurations. The
scalar field[68]. Very recently, a study in 81 dimensions actual numerical algorithm used is described in Appendix A
[69]—treating spherical symmetric distributions of momen-as well as the renormalization by counterterms in Appendix
tum excitations for a coupled fermion-boson Yukawa-typeB in order to achieve ultraviolet convergent results. The in-
system—has shown equilibration and thermalization in thedividual phases of the quantum evolution are analyzed in
fermionic as well as bosonic momentum occupation at thénore detail in Sec. 1V, i.e., the initial build-up of correla-
same temperature. Still, a detailed and quantitative interpreions, the time evolution of the spectral functions and the
tation of the time scales found was not given. approach to chemical equilibrium. Furthermore, it is shown
While the aforementioned studies restrict to homogeneouthat the solutions of the Kadanoff-Baym equations for
systems in space, there is a further branch dealing with gen=>> yield the proper off-shell thermal state, i.e., the Green
eral inhomogeneous settings. The dynamical behavior oiunctions fulfill the Kubo-Martin-SchwingefKMS) relation
relativistic scalar self-interacting field theories in1 space- in the long-time limit. Section V concentrates on approxi-
time dimensions is investigated within the Hartree and clasmate dynamical schemes, in particular, the well-known Bolt-
sical approximation in the symmetric or broken phfze— zmann limit. The solutions of the latter limit as well as from
73]. Since true collisions are absent at the Hartree level n@ Simple relaxation approximation will be confronted with
thermalization is observef70]. Only when additional en- the numerical results from the Kadanoff-Baym equations. We
semble averaging is invoked are there hints for quantunglose this work in Sec. VI with a summary of our findings
equilibration at intermediate times and classical equilibratiorand a brief presentation of the results for massless Bose
at large timeg71,72. The simulations have also been per- fields. Appendix C discusses the most general choices for the
formed for initial configurations relevant for heavy-ion col- initial conditions of the Kadanoff-Baym equations. Further-
lisions [74] as well as in the presence of semiclassical fieldnore, in Appendix D we present an efficient method for the
configurations that lead to bound states such as topologicgrlculation of the self-consistent resummed spectral function

defects[75] and phase interfacd36]. in thermal equilibrium for the present field theory, while Ap-
As already stressed, in the present study we will focus ifPendix E addresses the stationary solution of the Boltzmann
particular on the full quantum dynamics of the spectial.,  limit.

“off-shell” ) information contained in the nonequilibrium
single-particle spectral function. A discussion of this issue 4
was previously given in Ref77] by Aarts and Berges. Here IIl. NONEQUILIBRIUM DYNAMICS FOR ¢ THEORY

we want to show by using the spectral representation how The scalarg? theory is an example for a fully relativistic
complete thermalization of all single-particle quantum fluc-fie|d theory of interacting scalar particles that allows us to
tuations will be achieved. In addition, the quantum dynamic%est theoretical approximatiom48_5o,61’77 without com-

of the spectral function is also a lively issue in the micro-ing to the problems of gauge-invariant truncation schemes
scopic modeling of hadronic resonances with a broad mass1]. its Lagrangian density is given Bx=(t,x)]

distribution. This is of particular relevance for simulations of
heavy-ion reactiong78—-85, where, e.g., th& resonance or . .
the p meson already show a large decay width in vacuum. _ = u o L 4

The p vector meson is an especially promising hadronic par- £09= 2 Iup () H() 2 m°$=(x) 41 ¢ (),
ticle for showing possible in-medium modifications in hot (2.1
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where m denotes the “bare” mass and is the coupling
constant determining the interaction strength of the scalar A
fields. 7 S\
-
A. The Kadanoff-Baym equations \_/
As mentioned in the Introduction, a natural starting point v

for nonequilibrium theory is provided by the closed-time-

path(CTP) method. Here all quantities are given on a special FIG. 1. Contributions to theb functional for the Kadanoff-

real-time contour with the time argument running freme  gaym equation: two-loop contributiofLHS) giving the tadpole

to o on the chronological brancht() and returning frome  geit.energy and three-loop contributi@RHS) generating the sunset
to —c0 on the antichronological branch-(). In the cases of  self-energy. Theb-functional is built up by full Green functions

systems prepared at tintig this value is(instead of—=) the  (double lines while open dots symbolize the integration over the
start and end point of the real-time contour. In particular théinternal coordinates.

path-ordered Green functions are defined as
In our present calculation we take into account contributions

G(x,y)=(TP{p(x) (Y)}) up to the three-loop order for the functional (see Fig. 1,
=0 (X0~ Vo) ($(X) S(Y)) which reads explicitly
+®p(y0_X0)<¢(y)¢(X)>, (22) i P = %f dd+lXG(X,X)2_ Z_;f dd+le dd+ly G(x,y)4,
P P P
where the operatdFP orders the field operators according to 2.7

the position of their arguments on the real-time path as ac-
complished by the path step-functiofls,. The expectation whered denotes the spatial dimension of the probledh (
value in Eq.(2.2) is taken with respect to some given density =2 in the case considered belpw
matrix pg, which is constant in time, while the operators in ~ This approximation corresponds to a weak coupling ex-
the Heisenberg picture contain the whole information of thepansion such that we consider contributions up to the second
time dependence of the nonequilibrium system. superficial order in the coupling constant(see Fig. 2 For
Self-consistent equations of motion for these Green functhe superficial coupling constant order we count the explicit
tions can be obtained with help of the two-particle irreduc-coupling factorsh associated with the visible vertices. The
ible (2PI) effective actionl'[ G]. It is given by the Legendre hidden dependence on the coupling strength—which is im-
transform of the generating functional of the connectedplicitly incorporated in the self-consistent Green functions
Green functiondV as that build up thed-functional and the self-energies—is ig-
. nored on that level. For our present purpose this approxima-
0, ! tion is sufficient since we include the leading mean-field ef-
FLGI=I"+ S [IN(1=0OpGoOp%) + ©pGO2 ]+ [ C] fects as well as the leading order scattering processes that
(2.3 pave the way to thermalization.
. o ) For the actual calculation it is advantageous to change to
in the case of vanishing vacuum expectation valuey single-time representation for the Green functions and self-
(0]¢(x)|0)=0 [34]. In Eq. (2.3 I'° depends only on free energies defined on the closed-time-path. In line with the

Green functions5, and is treated as a constant with respectyosition of the coordinates on the contour there exist four
to variation, while the symbol$, represent convolution different two-point functions

integrals over the closed-time-path with the contour specified

above. The functionaf is the sum of all closed 2PI dia- iIGS(X,y)=iG " (X,y)=(T{ d(x) (y)}),
grams built up by full propagatorS; it determines the self-
energies by functional variation as iIG=(x,y)=iG" ~(x,y)={d(Y) p(X)}),
6P . o
=2 —— G (x,y)=IiG YY) = , 2.8
200 =20 e (2.4 IGT(xY)=IG™T(x,y)=({o(X) b(V)}) 2.9

From the effective actiori2.3) the equations of motion for
the Green function are obtained by the stationarity condition

o 0 )
giving the Dyson-Schwinger equation for the full path- FIG. 2. Self-energies of the Kadanoff-Baym equation: tadpole
ordered Green function as self-energy(LHS) and sunset self-energ§RHS). Since the lines
represent full Green functions the self-energies are self-consistent
G(x,y) 1=Go(x,y) " 1=3(x,y). (2.6 (see text with the external coordinates indicated by full dots.
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iIG3(x,y)=1IG ™~ (X,y)={TH d(x) p(Y)}). In next order in the coupling constafite., A?) the nonlocal
sunset self-energfRHS of Fig. 2 enters the time evolution
Here T¢(T?) represent théanti-)time-ordering operators in as
case of both arguments lying on thant)chronological

branch of the real-time contour. These four functions are not 2

independent of each other. In particular the noncontinuous SE(X,y)=— }\—G%(x,y)G%(x,y)Gﬂy,x)
functionsG°® andG*? are built up by the Wightman functions 6

G~ andG= and the usuaP® functions in the time coordi- X

nates. Since for the real bosonic thed8/1) the relation =_E[GE(X,y)]S_ (2.12

G~ (x,y)=G=(y,x) (2.8 holds, the knowledge of the Green
functionsG=(x,y) for all x,y characterizes the system com-
pletely. Nevertheless, we will give the equations®T and  Thys the Kadanoff-Baym equatid@.9) in our case includes
G~ explicitly since this is the familiar representation for he influence of a mean-field on the particle propagation—
general field theorief27]. o _ generated by the tadpole diagram—as well as scattering pro-
By using the stationarity condition for the acti@h5) and  cegses as inherent in the sunset diagram.
resolving the time structure of the path ordered quantities in  Tpe Kadanoff-Baym equatiorf2.9) describes the full
the Dyson-Schwinger equati¢B.6) we obtain the Kadanoff-  q,antum nonequilibrium time evolution on the two-point
Baym equations for the time evolution of the Wightman eye| for a system prepared at an initial tirhg i.e., when
functions[27,61] higher order correlations are discarded. The causal structure
[P E+mEIGE(xy) of this initial value problem is obvious since the time inte-
uox ' grations are performed over the past up to the actual xigne
=39(x)GZ(x,Y) (or yg, respectively anq do not ex_tenq to the future.
Furthermore, also linear combinations of the Green func-
*o dore> - = tions in single time representation are of interest. The re-
+ Jto dzof dz[27(x,2) -2 (x.2)]G7(zy) tarded Green functio®® and the advanced Green function
G* are given as

_ f "dz, f 4232 (x,2)[ G (z.y) - G=(z.y)],
to GR(X.Y) =0 (Xo—Yo)[G™ (X.y) — G=(x.y)]

[+ m?]G=(x,y) =0(xo—Yo([6(X).6(V)]-), (213

=3°(y)G=(x,y)
GA(va) == ®(y0_XO)[G>(le) - G<(X’y)]

Xo
d > _ < =
* f 4z f d'z[G7(x2) = GT(x2)]25(z.Y) = -0y x{[6(x),¢(] ). (214
- fyodzoj d'2 G=(x,2)[27(z,y) -3 (z,y)]. These Green functions contain exclusively spectral, but no
to statistical information of the system. Their time evolution is

(2.9 given by

Here the path-ordered self-energy has been divided into a
local contribution®? and a nonlocal one, which can be
expressed—analogously to the Green functith®—by a
sum over path® functions. The self-energy entering the =5(d+1)(x—y)+f d9*1z SRAx,2)GRA(z,y),
Dyson-Schwinger equatiof2.6) is thus written as

(2.19

—[ @ ak+m?+3°(x)JGRA(X,y)

3 (%) =22(x) 8 V(X y) + O (X~ Yo) Z7(X,Y)

+0Op(Yo—X0)2=(X,Y). (2.10  where the retarded and advanced self-energigs>* are
defined via®, ~, = similar to the Green function®.13 and
Within the three-loop approximation for the 2Pl effective (2.14). Thus the retardethdvancefl Green functions are de-
action[i.e., thed-functional(2.7)] we get two different self-  termined by retardetadvancedl quantities, only.
energies: In leading order of the coupling constant only the
local tadpole diagraniLHS of Fig. 2 contributes and leads

to the generation of an effective mass for the field quanta. B. Homogeneous systems in space
This self-energy(in coordinate spages given by In the following we will restrict to homogeneous systems
\ in space. In order to obtain a numerical solution the
39(x)= EiG<(x,x). (2.11) SK;:ggoﬁ—Baym equatio2.9) is transformed to momentum
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a$1G<(p’t1,t2) 2-0. —T T T T T T T T T T T
1.8 distribution DT ||
oy - - - - distribution D1
=—[p 2+m2+32(t) ]G (p,ty,ty) e 1 [} |- distribution D2 |-
1 ] e distribution D3
t 8 1.4-. - g
_J dt,[2>(p,tl,t,)_2<(p,t1,t’)]G<(p,t,,t2) i!;“ 124 polar symmetric
tg 1 |
= 1.0
t2 ﬁ; 0.8
+f dt’%=(p,ty,t)[G7(p,t' 1) —G™(p,t',t5)] < -
to o o6
L v_(2 0.4
=—[p 2+m2+22(t) ]G (p,ty,tp) FI1T(P,ty ), 024
(2.16 00,
-12 '
where we have summarized both memory integrals into the
function | . The equation of motion in the second time di- 16
rectiont, ig given analogously. , _ distribution DT |1
In two-time and momentum spacp,{,t’) representation 144 - - - distribution D1 |
the self-energies in Eq2.16) read S I . T D distribution D2 | ]
-r 4y | distribution D3 ]
N dd ;C’; 1.0 - , polar symmetric
2_:5('[)=—J P iG=(p,t,1) ?  osd .
2 (277)01 T o
e o0s- i
c
A2 dY ddr . i
>5( ,t,t’)=——f G=(q,t,t")
P 6J) 2md) (2m)¢ @ . i
XG=(r,t,t")G=(p—q—r,t,t"). (2.17 00 e

—T T
-12 10 -8 -6 4 -2 ] 2 4 6 8 10 12

For the numerical solution of the Kadanoff-Baym equations momentum p_/m

(2.16 we have developed a flexible and accurate algorithm,

which is described in more detail in Appendix A. Further-  FIG. 3. Initial Green functionsG <(|p|,t=0t=0) (upper part
more, a straightforward integration of the Kadanoff-Baymand corresponding initial distribution functiong|p|,t=0) (lower
equationg2.16) in time does not lead to meaningful results parp for the distributions D1, D2, D3, and DT in momentum space
since in 2+1 space-time dimensions both self-energies(for a cut of the polar symmetric distribution in tipg direction for
(2.17), (2.18 are ultraviolet divergent. We note that due to p,=0).

the finite massnadopted in Eq(2.1) no problems arise from

the infrared momentum regime. The ultraviolet regime, how-

ever, has to be renormalized by introducing proper counterse|tenergies as generated by the sunset diagram. All calcu-

terms. The details of the renormalization scheme are given ifyiions to be shown in the following consequently involve
Appendix B as well as a numerical proof for the convergence) i self-energies

in the ultraviolet regime.

IIl. FIRST NUMERICAL STUDIES ON EQUILIBRATION A. Initial conditions

In the following sections we will use the renormalized In order to investigate equilibration phenomena on the
massm= 1, which implies that times are given in units of basis of the Kadanoff-Baym equations for o(@2+1)-
the inverse mass dr m is dimensionless. Accordingly, the dimensional problem, we first have to specify the initial con-
coupling\ in Eq. (2.1) is given in units of the mass such  ditions for the time integration. This is a problem of its own
that\/m is dimensionless, too. and discussed in more detail in Appendix C. For our present

As already observed in th@d+1)-dimensional casg62]  study we consider four different initial distributions that are
the mean-field term, generated by the tadpole diagram, doesd! characterized by the same energy den@ge Sec. IV A
not lead to an equilibration of arbitrary initial momentum for an explicit representationConsequently, for large times
distributions since it only modifies the propagation of the(t—<) all initial value problems should lead to the same
particles by the generation of an effective mass. Our calcuequilibrium final state. The initial equal-time Green functions
lations lead to the same findings and thus we skip an explici6=(p,t=0,t=0) adopted are displayed in Fig. @pper
presentation of the actual results. Accordingly, thermalizatiorpary as a function of the momentump, (for p,=0). We
in 2+1 dimensions requires the inclusion of the collisionalconcentrate here on polar symmetric configurations due to
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the large numerical expense for this investigati@ince the ot I I — dstton DT |
equal-time Green functi0n§3<(p,t7t)EGth(p’t’t) are 2.0+ 7 - d::t:;but:g: D1 ]
purely imaginary, we show only the real part &~ in 18 N e aton D3 ]

’ N e distribution D3 |{

Fig. 3. Furthermore, the corresponding initial distribution 164
functions in the occupation density(p,t=0), related to 1

iG=(p,t=0t=0) via p/m=0.01

zwpiG;¢(p,t=o,t=0)=n(p,t=0)+n(—p,t=0)+(13, )

iG*(p,tt) m

are shown in Fig. 3 in the lower part. For an explicit repre-
sentation of the other Green functio&s,, G, a_ndG;_T
(see Appendix Aat initial timety we refer to the discussion gl HF
of the general initial conditions in Appendix C. While the 041 1 10 100 1000
initial distributions D1, D2, D3 have the shape @dolar time tm

symmetrig “tsunami” waves[39] with maxima at different _ _

momenta inp,, the initial distribution DT corresponds to a ~ FIG. 4. Time evolution of selected momentum modes of the
free Bose gas at a given initial temperatliig~1.736n that ~ €qual-time Green functiofp|/m= 0.0, 0.8, 1.6, 2.4, 3.%rom top

is fixed by the initial energy density. According to EG.1) to bottom for four different initial configurations D1, D2, D3, and
the difference between the Green functions and the distrib 2T (characterized by the different line typesith the same energy
tion functions is basically given by the vacuum contribution, 4€nSity- For the rather strong coupling constann=18 the initial
which has its maximum at small momenta. Thus even for th@Scllations—from switching on the interaction at=0—are

distributions D1, D2, D3 the corresponding Green functionsdampEd rapidly and disappear fom-=>10. Finally, all momentum

. modes assume the same respective equilibrium value for long times
are nonvan'Shmg fokp|%0 . 2 . (t-m>500) independent of the initial state.
Since we consider a finite volumé=a“ we work in a
basis of momentum modes characterized by the number of
nodes in each direction. The number of momentum modes igcale of the inverse damping ratee Appendix € We note
typically in the order of 40; we checked that all our resultsin passing that one might also start with an effective initial
are stable with respect to an increasing number of basis statesassm* including the self-consistent tadpole contribution
and do not comment on this issue any more, since this is E62], however, our numerical solutions showed no significant
strictly necessary condition for our analysis. For timeg)  difference for the equilibration process such that we discard
we consider the systems to be noninteracting and switch oan explicit representation. The damping of the initial oscilla-
the interaction ¢\) for t=0 to explore the quantum dy- tions depends on the coupling strengthm and is more
namics of the interacting system for-0. We directly step  pronounced for strongly coupled systems.
on with the actual numerical results. For “intermediate” time scales (0t- m<500) one ob-
serves a strong change of all momentum modes in the direc-
tion of the final stationary state. We address this phase to
“kinetic” equilibration and point out, that—depending on
The time evolution of various(selected momentum the initial conditions and the coupling strength—the momen-
modes of the equal-time Green function for the different ini-tum modes can temporarily even exceed their respective
tial states D1, D2, D3, and DT is shown in Fig. 4, where theequilibrium value. This can be seen explicitly for the lowest
dimensionless timé-m is displayed on a logarithmic scale. momentum modes||/m=0.0, 0.8) of the distribution D1
We observe that starting from very different initial (long dashed lingsin Fig. 4, which possesses initially
conditions—as introduced in Fig. 3—the single momentummaxima at small momentum. Thus the time evolution to-
modes converge to the same respective numbers for largeards the final equilibrium value is—after an initial phase
times as characteristic for a system in equilibrium. As notedvith damped oscillations—not necessarily monotonic. For
above, the initial energy density is the same for all distribu-different initial conditions this behavior may be weakened
tions and energy conservation is fulfilled strictly in the time significantly as seen for example in case of the initial distri-
integration of the Kadanoff-Baym equations. The differentbution D2 (short dashed lingsn Fig. 4. Coincidentally, both
momentum modes in Fig. 4 typically show a three-phasealculations D1 and D2 show approximately the same equal-
structure. For small timest (m<10) one finds damped os- time Green function values for timésm>80. Note, that for
cillations that can be identified with a typical switching on the initial distribution D3(dotted line$ the nonmonotonic
effect att=0, where the system is excited by a sudden in-behavior is not seen any more.
crease of the coupling constanttém=18. Here dephasing In general, we observe that only initial distributiofof
and relaxation of the initial conditions happen on a timethe well typg show this feature during their time evolution,
if the maximum is located at sufficiently small momenta.
Initial configurations such as the distribution D{Eolid
Yn Sec. V we will also present calculations for nonsymmetric lines—where the system initially is given by a free gas of
systems. particles at a temperatuiig—do not show this property. We

B. Equilibration in momentum space
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also remark that this “overshooting”—as in the particular 0.38 ey — T T ey T —]
case of D1—isnot observed in a simulation with a kinetic “g %% Hm =18 Tgm=1736
Boltzmann equatior(see Appendix E Hence this highly e P e o
nonlinear effect must be attributed to quantal off-shell and ng: B 2" ]
memory effects not included in the standard Boltzmann ] ]
limit. Although the DT distribution is not the equilibrium os] A ]

state of the interacting theory, the actual numbers are much
closer to the equilibrium state of the interacting system than
the initial distributions D1, D2, and D3. Therefore, the evo-
lution for DT proceeds less violently. We point out that in
contrast to the calculations performed #f theory in 1+1

0.00}:
005
-0.10 :
0.15 ]
020 L

energy density change Ae(t)/ m

space-time dimensiori$2] we find no power law behavior -0.25+ A~ 4
for intermediate time scales. 030+ ]

The third phase, i.e., the late time evolutiam¢ 300) is AL I B L -
characterized by a smooth approach of the single momenturr ' time tm

modes to their respective equilibrium values. As we will see

in Sec. IV D this phase is adequately characterized by chemi- FIG. 5. Change of the different contributions to the total energy

cal equilibration processes. The three phases addressed density in time. The sunset energy dengity, decreases rapidly in

context with Fig. 4 will be investigated and analyzed in moretime; this contribution is approximately compensated by an increase

detail in the following section. of the kinetic energy density,;, . Together with the smaller tadpole
contributione .4 the total energy density,,; is conserved.

IV. THE DIFFERENT PHASES OF QUANTUM

att,=0 subtracted. The kinetic energy density, is repre-
EQUILIBRATION 0 aqy h p

sented by all parts aof,; that are independent of the coupling
constant ¢\°). All terms proportional to.! are summarized
by the tadpole energy density,q including the actual tad-
The time evolution of the interacting system within the pole term as well as the corresponding tadpole mass coun-
standard Kadanoff-Baym equations is characterized by theerterm(see Appendix B The contributions from the sunset
build up of early correlations. This can be seen from Fig. 5diagram ¢<\?)—again given by the correlation integral as
where all contributions to the energy densiB84] are dis- well as by the sunset mass countertésme Appendix B—
played separately as a function of time with the initial valueare represented by the sunset energy demsity.

A. Build up of initial correlations

Stot(t) = Sk_in(t) + stad(t) + Ssu.n(t),

d

1 d 1 d
skm(t)zij (2:)[1(p2+m2)iG;¢(p,t,z‘)+5J

(2771_7)[1 lG:w(p’t’I)’

d d

1(dP & . < 1 dp , . <
Stad(t)zzf Wztad(t)l(;(b(b(p,t,t)‘l'if W§mtale¢¢(p,l,l),

10 dp  _ 1 dp _,
Ssun(t):_Zf Wlll (P,I,I)Jrij Wémsun’GM(P,t,t).

. 4.1

SCOI(I)

The calculation in Fig. 5 has been performed for the initialequation. In the full quantum calculation the system evolves
distribution DT(which represents a free gas of Bose particlesfrom an uncorrelated initial state and the correlation energy
at temperatureTy~1.736n) with a coupling constant of densityeg,,decreases rapidly with time. The decrease of the
AMm=18. This state is stationary in the well-known Boltz- correlation energy,, which is—with the exception of the

mann limit(see Sec. ¥, but it is not for the Kadanoff-Baym sunset mass counterterm contribution—initially zero is ap-
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10)

» —— “kinetic” or “chemical” equilibration time scales.

7 ] The question now arises how such short time scales come
about. We recall, that equations of motion containing
memory integrals, such as the Kadanoff-Baym equations, are
the inevitable result of a reduction of multiparticle dynamics
to the one-body level which induces phase correlations into
the history of the systerf89,90. This is similar to the situ-
ation encountered in the derivation of the standard Boltz-
mann equation, which only holds if one can separate be-

1.2 4

cor

0.8

cor

0.6

0.4

correlation energy Ae () / Ae_(tm

: —:5m=i """ ;;"F:i ; tween two time scales ., <7, (relaxation time scale
--- AMm=4 - m= .. . . s "
027 cmeAM= 8 e WM =18 |] distinguishing between rapidly changiritjrrelevant”) ob-
- —eeeAmM=8  ——-am=18 |] servables and smoothly behavifigelevant”) observables.
""" Mm=10 = um=20 Indeed, it had been shown for a nucleonic sysfé6] that

-0.2

such a finite memory in the collision process may have a
profound influence on thermalization for medium-energy
nuclear reactions. In any case, a finite correlation time is
FIG. 6. Normalized change of the correlation energy densjfy ~ 9enerated by first a constructive and then destructive inter-
for various coupling constants/m=2-20 in steps of 2 for the ference of the various scattering channels building up for
same initial distribution DT. The normalization has been performedimes going more and more in the past. For a fermionic sys-
with respect to the asymptotic correlation stren¢ftir t-m>10).  tem typical memory kernels for the collision integral are
The systems correlate approximately independent from the couplingiven in Refs.[55—57. The structure of such memory ker-
strength afterr.,,- m~0.16. nels is governed by the off-shell behavior and the phase-
space average of the two-particle scattering amplitude, i.e.,
proximately compensated by an increase of the kinetic en-
ergy densityg,. Since the kinetic energy increases in the 7_ NL
initial phase, the final temperatufig is slightly higher than mem(AE)”
the initial “temperature” To. The remaining difference is ) ) ]
compensated by the tadpole energy densitysuch that the Of present concern is now the formation of the. gorrelqt|on
total energy density is conserved. energy and not the memory kernels of the coll|§|qnal inte-
While the sunset energy density and the kinetic er“f__,rgygrals, although they are closely related. The explicit correla-
density always show a time evolution comparable to Fig. 510N part of 5, contains the momentum integral over the
the change of the tadpole energy density depends on tHEnction17 (p,t,t), which itself is given by a memory inte-
initial configuration and may be positive as well. Since thegral over time as stated in EGA4) in Appendix A. From the
self-energies are obtained withinda-derivable scheme the explicit expression one notices thgt(p,t=0t=0)=0 and
fundamental conservation laws, such as, e.g., energy consder small times builds up coherently by the various “scatter-
vation, are respected to all orders in the coupling constantng” contributions. For a fermionic system describing cold
When neglecting the<\? sunset contributions and starting nuclear matter, similar expressions for the collisional energy
with a nonstatic initial state of identical energy density onedensity have been found and analyzed in detail bylko
observes the same compensating behavior between the iind Morawet458]. It has been found that the time to build
netic and the tadpole terms. up correlation energy by collisions from an initially uncorre-
From Fig. 5 one finds that the system correlates in a veryated system is given by.,~2#/Eg, whereEg denotes the
short time ¢-m<1) in comparison to the time for complete Fermi energy. The memory integrals igf—or those enter-
equilibration. The time to build up the correlations, is  ing the quantal transport equations—can also contain classi-
rather independent of the interaction strength as seen fromal contributions. For a dilute and equilibrated Maxwell-
Fig. 6, where calculations with the same initial state DT areBoltzmann gas of nonrelativistic particles at finite
compared for several coupling constantém=2—20 in  temperaturel and assuming a static, Gaussian interaction
steps of 2. For all couplings/m the change of the correla- potential V(r)=V0exp(—r2/r§), the various kernels can be
tion energy density here has been normalized to thevorked out analytically15,58,90. The correlation time is
asymptotic correlation strength-(m>10). Figure 6 shows then given by
that the correlation time., (which we define by the position
of the first maximumis approximately the same for all cou- Teor= NIAMIT+ (AIT)2, 4.3
pling constants. Within our definition the correlation time is
TeorrM~0.16 for all couplings\. This result is in line with ~ The first part reflects the intuitive expectation, i.e., the time a
the KB studies of nonrelativistic nuclear matter problems,classical particle passes through the range of a potential; the
where the same independence from the coupling strength hascond part reflects the average temporal extent associated
been observed for the correlation tirfs8]. A similar result ~ with the time-energy uncertainty relation induced by the
has, furthermore, been obtained within the correlation dy<haracteristiooff-shell) energy scale in a typical collision.
namical approach of Reff46]. Thus quantum systems appar- For our present situation, i.e., a relativistic bosonic theory
ently correlate on time scales that are very short compared tioteracting via a four-point coupling, the temperature defines

time tm

(4.2
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the only scale. Hencez.,~#/T, which is a pure quantal the spectral functior(for all momenta is higher than the
effect. This estimate is in agreement with our numerical find{bare on-shell value and nearly keeps its position during the
ings. whole time evolution. This results from a positive tadpole
mass shift, which is only partly compensated by a downward
B. Time evolution of the spectral function shift originating from the sunset diagram.

Within the Kadanoff-Baym calculations the full quantum The time evolution for the initial distributions D1, D2,

information of the two-point functions is retained Conse-and D3 has a richer structure. For the distribution D1 the
qguently, one has access to the spectral properties of the no pectral_fulgctlon dlsbbroad for srlrjalll syhs tem tlr_meehe the line ¢
equilibrium system during its time evolution. A similar study '0f t-m=15) and becomes a little sharper in the course o
has been carried out for11 dimensions in Ref[77]. The (e time evolution(as presented for the momentum mode

spectral functiomA(x,y) for the present settings is given by |p|/m=Q_0 as well as _fortp|/m:2_0)_ In line W?l‘h t_he_ de-
crease in width the height of the spectral function is increas-

AX,Y)={[d(x),(y)]_)=i[G™(X,y)—G=(X,y)]. ing [as demanded by the normalization propdry)]. This
(4.4 s indicated by the small arrow close to the peak position.
Furthermore, the maximum of the spectral functfosich is
approximately the on-shell enengys shifted slightly up-
wards for the zero mode and shifted downwards for the mode
with higher momentum being always higher than the vacuum
on-shell value.
o For the initial distribution D3 we find the opposite behav-
A(D,Po,t):f dAtexp(iAtpo) ior. Here the spectral function is quite narrow for early times
o and increases its width during the time evolution as observed
XA(p,ti=t+At/2t,=t— At/2). (4.5 for both momentum modes. Especially in the casé¢pdfm
=2.0 the width for early times is so small that the spectral
We note that a damping of the functié{p,t;,t,) in relative  function shows oscillations originating from the finite range
time At corresponds to a finite width® of the spectral of the Fourier transformation from relative time to energy.
function in Wigner space. This width in turn can be inter- Although we have already increased the system time for the
preted as the inverse life time of the interacting scalar parfirst curve tot-m=21 (for t-m=15 the oscillations are
ticle. We recall, that the spectral funct_ion_—for all timeand  uch stronger the spectral function is not fully resolved,
for all momentap—obeys the normalization i.e., it is not sufficiently damped in relative timt in the
interval available for the Fourier transform. For later times
= dp the oscillations vanish and the spectral function tends to the
f —OpoA(p,po,t)=1, vp.t, (4.6) common equilibrium shape.
— 27T The time evolution of the spectral function for the initial
distribution D2 is in between the last two cases. Here the
spectral function develop@t intermediate timgsa slightly
higher width than in the beginning before it is approaching
the narrower static shape again. The corresponding evolution

From our dynamical calculations the spectral function in
Wigner space for each system tirtve (t;+1,)/2 is obtained
via Fourier transformation with respect to the relative time
coordinateAt=t,—t,:

which is nothing but a reformulation of the equal-time com-
mutation relation.

In Fig. 7 we display the time evolution of the spectral
function for the initial distributions D1, D2, D3, and DT for of the maximum is again indicated by tiieen) arrow. Fi-

two different momentum modesp|/m=0.0 and |p|/m nally, all spectral functions show thésame equilibrium
=2.0. Since the spectral functions are antisymmetric in en; Y. P q

ergy for the momentum symmetric configurations consid—'corm represented by the.SO“d gray line. .
As already observed in Sec. lll for the equal-time Green

ered, i.e.,A(p,—Po,t)=—A(p,po,t), we only show the ! i . . :
positive ene(rZy ppa(ljrt.)For Ol(JFr) i?w?tia)l value pr)(gblem in two- fgnctlons, we emphgzyse, that there is no unique tlme_ evolu-
times and momentum space the Fourier transformatiofjon for the nonnghbnum ;ystems. In fact, the evolution of
(4.5 is restricted for system times to an interval the system during the equilibration process depends on the
Ate[—2t,2t]. Thus in the very early phase the spectralinitial conditions. Our findings are slightly different from the
function assumes a finite width already due to the limitedconclusions drawn in Ref77] stating that the Wigner trans-
support of the Fourier transform in the time interval and aformed spectral function is slowly varying, which might be
Wigner representation is not very meaningful. We, thereforedue to the lower dimension. Still the time dependence of the
present the spectral functions for various system times spectral function is moderate enough, such that one might
starting fromt-m= 15 up tot- m=480. also work with some time averaged or even the equilibrium
For the free thermal initialization DT the evolution of the spectral function. In order to investigate this issue in more
spectral function is very smooth and comparable to thejuantitative detail, we concentrate on the maxima and widths
smooth evolution of the equal-time Green function as dis-of the spectral functions in the following.
cussed in Sec. lll. In this case the spectral function is already Since the solution of the Kadanoff-Baym equation pro-
close to the equilibrium shape at small times being initiallyvides the full spectral information for all system times the
only slightly broader than for late times. The maximum of evolution of the on-shell energies can be studied as well as
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the spectral widths. In Fig. 8 we display the time dependencesduced in time whereas it is increased in the case of D3. The
of the on-shell energies(p,t)—defined by the maximum of result for the initialization D2 is monotonous for this mode
the spectral function—of the momentum modp¥m=0.0  and already matches the one for D1 for moderate times. Thus
(LHS) and|p|/m= 2.0 (RHS) for the four initial distributions  we find that the time evolution of the on-shell energies not
D1, D2, D3, and DT. We see that the on-shell energy for theonly depends on the initial conditions, but might also be
zero momentum mode increases with time for the initial dis-different for various momentum modes. It turns out—for the
tribution D1 and to a certain extent for the free thermal dis-initial distributions investigated—that the above described
tribution DT (as can be also extracted from Fig. The  characteristics change aroump|/m=1.5 and are retained
on-shell energy of distribution D3 shows a monotonic de-for larger momentdnot presented heye

crease during the evolution while it passes through a mini- Furthermore, we show in Fig. 9 the time evolution of the
mum for distribution D2 before joining the line for the ini- on-shell width for the usual momentum modes and different
tialization D1. For momentunfp|/m=2.0 a rather opposite initial distributions. The on-shell widthy,, is given by the
behavior is observed. Here the on-shell energy for distribuimaginary part of the retarded sunset self-energy at the on-
tion D1 (and less pronounced for the distribution Dare  shell energy of each respective momentum mode as
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FIG. 8. Time evolution of the on-shell energiegp,t) of the FIG. 9. Time evolution of the on-shell widths Im3R[p,

momentum modefp|/m=0.0 and|p|/m=2.0 for the different ini- 4 (p,t),t]/w(p,t) of the momentum modelp|/m=0.0 and|p|/m
tializations D1, D2, D3, and DT withh/m=18. The on-shell self- =2.0 for the different initializations D1, D2, D3, and DT with
energies are extracted from the maxima of the time-dependent spegfm=18.
tral functions.
thermal distribution DT(solid lineg exhibits only a weak
time dependence with a slight decrease in the initial phase of
R the time evolution.
—2ImX"[p,w(p,1),t] _Tp,o(p,b),t] In summarizing this subsection we point out, that there is
2w(p,t) 20(p,t) no universal time evolution of the spectral functions for the
(4.7) initial distributions considered. Peak positions and widths
depend on the initial configuration and evolve differently in
time. However, we find only effects in the order @f10%
As already discussed in connection with Fig. 7 we observéor the on-shell energies in the initial phase of the system
for both momentum modes a strong decrease of the on-shedlolution and initial variations 0&50% for the widths of
width for the initial distribution D1(long dashed linesasso- the dominant momentum modes. Thus, depending on the
ciated with a narrowing of the spectral function. In contrast,physics problem of interest, one might eventually discard an
the on-shell widths of distribution D&lotted line$ increase  explicit time dependence of the spectral functions and adopt
with time such that the corresponding spectral functionghe equilibrium shape.
broaden towards the common stationary shape. For the ini-
tialization D2 (short dashed linésve observe a nonmono- C. The equilibrium state
tonic evolution of the on-shell widths connected with a |n Sec. Ill we have seen that arbitrary initial momentum
broadening of the spectral function at intermediate timesconfigurations of the same energy density approach a station-
Similar to the case of the on-shell energies we find, that thery limit for t—oe, which is the same for all initial distribu-
results for the on-shell widths of the distributions D1 and D2tions. In this subsection we will investigate, whether this
coincide well above a certain system time. As expected fronstationary state is the proper thermal state for interacting
the lower plots of Fig. 7, the on-shell width for the free Bose particles.

Yo(Pst)=
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This question has already been addressed in [Réf.for Ggq(p,po)=eXp( po/T)G;(p,po), Vp. (4.12
anO(N)-invariant scalar field theory with unbroken symme-

try. There it was shown that in the next-to-leading order

(NLO) approximation the only translational invariant solu- If there exists a conserved quantum number in the theory we
tions are thermal ones. The importance of using the NLChave, furthermore, a contribution of the corresponding
approximation lies in the fact that—in contrast to the leadingchemical potential in the exponential function, which leads
order(LO) calculation—scattering processes are included ino a shift of argumentp,/T— (po— x)/T. In the present
the propagation which provide thermalization. Furthermorecase, however, there is no conserved quantum number and
the correlations induced by scattering lead to a nontriviathus the equilibrium state has to giye=0.

spectral function, whereas in the LO approximation one ob- From the KMS condition of the Green functiof6 12 we
tains thes-function quasiparticle shape. Additionally, in the obtain the equilibrium form of the distribution function
NLO calculation particle number nonconserving processes4.11) at temperaturd as

are allowed that lead to a change of the chemical potential

which approaches zero in the equilibrium state in agreement

with the expectations for a neutral scalar theory without con-  NedP;Po) =Neq(Po) = exppo/T)—1 Neosd Po/T),

served quantum numbers.

As shown before, in our present calculations within the (4.13
three-loop approximation of the 2PI effective action we de-
scribe kinetic equilibration via the sunset self-energies anavhich is the well-known Bose distribution. As is obvious
also obtain a finite width for the particle spectral function. Itfrom Eq. (4.13 the equilibrium distribution can only be a
is not obvious, however, if the stationary state obtained fofunction of energyp, and not of the momentum variable
t—oo corresponds to the proper equilibrium state. explicitly.

In order to clarify the nature of the asymptotic stationary In Fig. 10 (lower parl we present the spectral function
state of our calculations we first change into Wigner spaceA(p,p,,t) for the initial distribution D2 at late time-m
The Green function and the spectral function in engogy =540 for various momentum modep|/m=0.0, 0.8, 1.6,
are obtained by Fourier transformation with respect to the 4, 3.2, 4.0 as a function of the enengy. We note that for
relative timeAt=t;—t, at every system timé=(t;+t,)/2  all other initial distributions—with equal energy density—
[see Eq(4.5)] the spectral function looks very similar at this time since the

systems proceed to the same stationary ste Sec. IV €

_ o We recognize that the spectral function is quite broad, espe-
G<(I0'po,t):f dAtexp(ipoAt) cially for the low momentum modes, while for the higher
- momentum modes its width is slightly lower.
XG=(p,ty=t+At/2t,=t—At/2), (4.8 The distribution functionN(py) as extracted from Eg.

(4.1)) is displayed in Fig. 1Qupper par for the same mo-
. mentum modes as a function of the enepgy The compari-
A(p,po.t)= f dAt exp(ipoAt) son is achieved by selecting a certain energy band around the
—o maximum of each momentum mode considering all energies
Po With A(|p|,po)m?=0.5. We find thatN(p,) for all mo-
mentum modes can be fitted by a single Bose function with
temperatureT/m=1.835. Thus the distribution function
We recall that the spectral functidA.9) can also be obtained emerging from the Kadanoff-Baym time evolution for
directly from the Green functions in Wigner space by Eq.—« approaches a Bose function in the enemythat is
(4.4 independent of the momentum as demanded by the equilib-
rium form (4.13.
A(p,pPo,H)=i[G”(P,po.t) —G=(p,po.t)]. (4.10 Figure 10(upper parnt demonstrates, furthermore, that the
KMS condition is fulfilled not only for on-shell energies, but
dor all po. We, therefore, have obtained the full off-shell
equilibrium state by integrating the Kadanoff-Baym equa-
tions in time. In addition, the limiting stationary state is the
correct equilibrium state for all energigg, i.e. also away
o from the quasiparticle energies.
iIG™(P,Po,t) =A(P,Po,t)N(P,Po,1), We note in closing this subsection that the chemical po-
tential u4—used as a second fit parameter—is already close
. to zero for these late times as expected for the correct
IG7(p,po,) =A(P,po,DIN(P,Po,1) +1]. (41D gqyilibrium state of the neutrab® theory which is charac-
terized by a vanishing chemical potentjalin equilibrium.
In equilibrium (at temperaturd’) the Green functions obey This, at first sight, seems rather trivial but we will show in
the Kubo-Martin-SchwingefKMS) relation[91,92 for all  the next subsection that it is a consequence of our exact
momentap treatment. In contrast, the Boltzmann equatisee Sec. V

XA(P L =t+At2t,=t—At/2). (4.9

Now we introduce the energy and momentum dependent di
tribution functionN(p,pg,t) at any system time by

025006-13



JUCHEM, CASSING, AND GREINER

p/m=0.0,08,16,24,3.2,4.0

PHYSICAL REVIEW [®9, 025006 (2004

3.0 T T T T T T T T I I T T T T E

— = 29 1 —=— distribution D1 | ]
?r p/m=0.0,08,16,24,32,40 or —-— distribution D2 | ]
[Te) - 3 e i
W 254 fit N (p,) = [exp({p,+)T)-1 1" |4 £ distribution DT E
E u/m = 0.000295 \1 ] A/m=18

® T/m = 1835 0014
3_ 2.0 I 3
< 8
& 15- _8- 1x107373
-‘3 8 1 | n relaxation rates
g = 1 | from fit [100:350]
= o r®=1.04 10®

1.01 O x10?q |
S S i r”=106 10*
§ T ] r:‘"=1.19 107
2 i -5
ﬁ 0-5 1X10 1 1 1 T T T
5 0 100 200 300 400 500 600
time tm

FIG. 11. Logarithmic representation of the time evolution of the
chemical potentiaju for the initial distributions D1, D2, and DT.
The corresponding relaxation rdfe; is determined from the expo-

_ nential decrease.

i chemical potentiaju(t) by fitting a Bose function with pa-
rametersu andT. The time evolution of the chemical poten-
tial u (as extracted from the zero momentum mpoidedis-
played in Fig. 11 for various initial configurations and found
: to decrease almost exponentially witho zero. For small
e timest the curves do not show an exponential behavior since
J here we are still in the regime of kinetic nonequilibrium.

T Moreover, the chemical potential relaxation rate is nearly the
same for all initial configurations with the same energy den-
sity.

FIG. 10. Spectral functiomA for various momentum modes In order to understand the reason for this observation we
Ip|/m=0.0, 0.8, 1.6, 2.4, 3.2, 4.0 as a function of energy for latecalculate an estimate for this relaxation rate along the lines of
time t- m=540 (lower par}. As shown is the corresponding distri- Calzetta and HJ44]. For reasons of transparency we first
bution functionN at the same time for the same momentum modesprovide a brief derivation for the three-loop approximation
(upper parnt All momentum modes can be fitted with a single Bose of the 2P| effective action.
function of temperaturely,/m=1.835 and a chemical potential Since we are interested in the properties of the system
close to zero. close to equilibrium we again change to a Wigner represen-
tation for the Kadanoff-Baym equation. A first order gradient
expansion of the Wigner transformed equation yields the fol-
lowing real valued transport equati¢81—83:

spectral function A(p,p,.t m=540) m*

energy p,/m

and Appendix Ein general leads to a stationary state for
—o with a finite chemical potential. We will attribute this
failure of the Boltzmann approach to the absence of particle
number nonconserving processes in the quasiparticle limit

(see below. O {p?—m?—3%(t)— ReSR(p,h) HiG=(p,t)}

: <

D. Chemical equilibration and approach to KMS O{ix*(p.U}{ReG(p.)}

As we have seen in the previous subsection the chemical
potentialu for the stationary state of the propagation at large
times is close to zero in agreement with the properties of the
neutral ¢* theory. In this subsection we will address the
guestion of chemical equilibration in the late time evolution
of the systems calculated before. In particular we are interHere the operato> denotes thed+ 1)-dimensional repre-
ested in examining how the chemical potentialvanishes sentation of the general Poisson bracket. For the present case
with time for configurations initialized with finite chemical of spatially homogeneous systems all derivatives with re-
potentialsu#0 att=0. spect to the mean spatial coordinates vanish. Thus it contains

To this aim we calculate the distribution functidifpg,t) mean time and energy derivatives, only, and is given for
for various system times and extract the time-dependent arbitrary functionsg=;,,=F15(p,t) =F1(p,po,t) as

1
=5[67 (PO (P, =G (P27 (p,1)]

=C(p,t). (4.19
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JF, 0F, JF, oF, the Green functiongsimilar to Eq.(4.11)] by the spectral

OFHF=o| — 222122 41 | ol vi
{FiHF2}= ( o 9P0 Py &t) (4.19  function A and a distribution functiom via

iG=(p,Po,t) =SgrPo)A(P,Po;t)
We first concentrate on the collision tei@{(p,t)—as given ~
by the RHS of Eq(4.14—for small deviations from thermal X[O(xpg)+N(p,po,t)]. (4.1
equilibrium. In our representation the correlation self-

energies>, = read in Wigner space . e
The advantage of this representation is that the spectral func-

tion term sgnpy) A(p,po,t) as well as the modified distribu-
)\2 dd*iq dd+1r dd+ls tion functionN(p,p,.t) are symmetric in the energy coordi-
f f nate p, as can be deduced fromG~(p,pg,t)

S=(p,po.t)=

d+1 d+1 d+1
(2m) (2m) (2m) =G=(—p,—Po.t)=G=(p,— Po.t) for the momentum sym-
X (2m)8 18+ D(p—q—r—s) metric (p— —p) configurations considered here. The re-
_ _ _ maining asymmetric character of the Green functions is con-
XG=(q,90,1)G=(r,ro,1)G=(s,50,1), tained in the step functions in energy. By this separation we

(4.16 may express the integrations over the full energy space in
terms of integrations over the positive energy axis, only.
where the energy and momentum integrals extend fromThus the collision term—additionally integrated over mo-
—o to oo, In order to simplify the collision term we express menta and positive energies—can be written as

d+1p | d+1 ~ _ _ _
f 2m O(po)C(p.t)= f W(@(po)A(p,t){[HN(p,t)]E (p.t) =N(p,H)2 " (p.1)} (4.18

=— %f Dp{[1+N(p,nH]==(p,1)H —N(p,nH)=~(p,t)}

=—%2J DpJ’ DqJ DrJ Ds(2m)?* 16l D(p—q—r—s)

X{N(p,t)[1+N(q,)[1+N(r,H)J[1+N(s,t)]-[1+N(p,t) IN(q,t)N(r,t)N(s,t)}.

Here we have introduced the short-hand notation dynamical spectral functions in the long-time limit of the
nonequilibrium Kadanoff-Baym dynamics. Second, we adopt
an equilibrium Bose function for the symmetrical nonequi-

dd*ip librium distribution functionN in energy, but allow for a
f Dp= f(z )d+1 Po)A(P, 1) small deviation in terms of aimall chemical potential
=ul/T. This chemical potential depends on the system
timet as indicated by its relaxation observed in Fig. 11, but
(277) O( o)f A(p,po,t). (419 s assumed to be independent of energy and momentum. The
near equilibrium distribution function is thus given by

We are interested especially in the very late time evolution,
where the system is already close to equilibrium. Thus we

. > . N N 1 u—0 =
can evaluate the integrated collision term with further ap- N(p)~N*(po)= — " N°(po)
proximations. First, we use the thermal spectral function expl|pol/T—p)—1
Ae(P,Po) at the equilibrium temperaturg,. This spectral =Nposd | Pol/T). (4.20

function is calculated separately within a self-consistent

scheme, which is explained in detail in Appendix D. We note

in passing, that the self-consistent thermal spectral functions

(calculated numericallyare in excellent agreement with the We now expand the integrated collision term with respect to
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drift term over momentum an¢positive energy space—as
done above for the right-hand side—we obtain in lowest or-
der of the small chemical potential

the small parameteﬁ around the equilibrium valu37eq

=0. Since the zero-order contribution vanishes for the col-
lision term in equilibrium, the first nonvanishing order is

given by d+1p
fwta(po){—poatieﬂp,t)}
J« d+1 )\2 o 41
2 O(Po)C(P.t) = 2u do+1p -
(2m)d*t 6 ~—j WQ(po)Aec{P)PoﬁtN“(p,t)
xJ Dpqu quqJ Dreqf DS 27m) 91500+ «m(t)

==~ ] DPeaPo NO(po)[1+N%(p)]. (4.23
X (p—q—r—s)[1+N%p)IN(q)N°(r)N°(s)
(4.21) By taking also into account the energy derivative of the re-
tarded self-energy we gain the improved result
with the integration weighted by the thermal spectral func-

tion Ay as d?*1p 1
K f ﬁ(po)( (po 5p Rezeq(p))ﬁth (pt)]
| oper | P o pAnp o
Peq™ a1 2(Po)Ae —
(2m) %_‘?/-;_it) Dpeq<p0_%apoReEeRq(p))No(po)
dpo )J Y
2m 0P| o, )d Aed P:Po X[1+Npg)]. (4.24

(4.22 Combining now both half-sides of the approximated trans-

On the left-hand-side of the transport equation we neglectr,)ort equation we obtain
furthermore, the time derivative terms of the self-energies as ()
well as the second Poisson bracket. The only contribution — Kl([Aeq(h.T)]:T)=;(t)Kz([Aeq()\,T)];T,)\)
then stems from the drift terpyd,G=(p,po,t), which might
be extended by considering the energy derivative of the real (4.29
part of the retarded self-energy.

The Green function is expressed again in terms of sym-
metric functions in energy4.17), where the distribution

function N is given by the near equilibrium estimat4.20

with a small time-dependent deviatiga_r(t). Since the spec- _ 1

tral function is approximated by its equilibrium form, the Ki([Aed M T)T)= | DpPed Po— &poReEEd(p)
time derivative of the drift term gives only a contribution 5 _

from the chemical potential. When integrating the complete XNO(po)[1+N°(po)1, (4.26

with the temperature and coupling constant dependent func-

A2 - - ~ -
Kz([Aeq(A,T)];T,AFgf Dpeqf quqf Dreqf DSed 2m) 415 D (p—q—r—s)[1+N(po) IN°(qo)NO(r o) N°(sp)

\? - - -
:?j Dpqu' quqf Drqu Dseq(zn-)d”a(d”)(p—q—r—s)NO(po)[1+No(qo)][1+N°(ro)]

X[1+NO(sp)].

Thus the chemical potential decreases exponentially as I =Ky/Ky. (4.28
w(t)=exp(—K, /K t)=exp — 't 4.2
w0 = Ka/Kat) =T (427 The equations above provide an explanation for the observed

with the relaxation rate given by behavior of the relaxation of the chemical potential. At first
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0.80 ’ ’ . — distribution DT measures. Since <23 processes are responsible for the
1 - - - distribution D1 chemical equilibration, especially the shape of the spectral
0757 PRI b distribution D2 functions for high and low energies, i.e., above and below
1 TN =TT T | e distribution D3 . . .
the three-particle threshold, is of great importance. From the
formula above we also find an explanation for the fact, that
all equal energy initializations—although starting with dif-
ferent absolute values of the chemical potential—show ap-
proximately the same relaxation rate. The spectral functions
for the different initializations have already almost con-
verged to the thermal spectral functi¢ior the equilibrium
temperature ofT.,/m=1.835 and coupling constant/m
=18) and are therefore comparable during the late stage of
the evolution. The same holds approximately for the respec-
1 1 10 10 1000 tive distribution functions, that approach Bose distribution
time tm functions at temperaturg.,. Thus we can deduce from Eq.
(4.26 that the relaxation rate should be approximately the
FIG. 12. Total particle number densini(t) for the initializa- ~ Same for the different initial value problems considered.
tions D1, D2, D3, and DT as a function of time. The particle num-  Indeed, the estimate for the chemical relaxati@n28

ber is not constant during the evolution, but changes due to norfate works rather well quantitatively. By calculating the ther-
conserving transitions (+3) that are allowed within the full mal spectral functions independently within a self-consistent

Kadanoff-Baym dynamics. scheme at equilibrium temperatufg, for coupling constant
N/m=18 we find(together with the distribution functions of
the same temperatyre-by solving the multidimensional

we recognize the exponential natu¢e27) of the processes integrations—a value of ;/m~1.12x10"2 (for the drift

seen in Fig. 11. The relaxation of the chemical potentiaterm only and I';;//m~1.17x 102 (when including addi-
originates—as seen from E¢4.26—from particle number tionally the energy dependence of the retarded self-epergy
nonconserving &3 processes. This is easily recognizedfor the relaxation rate. The agreement with the results of the

when considering the distribution functioMé assigned to actual calculations in Fig. 11 given b)T,Djl/m~ 1.04
incoming particles as well as the corresponding Bose enx 1072, '2?/m~1.06x 1072, and F%T/m~1.19>< 1072, is

hancement factorsN for the outgoing ones. Ordinary par- sufficiently good.

ticle number conserving <22 scattering processes do not

contribute. Thus it is not surprising, that a relaxation of the

chemical potential is not described in the on-shell Boltzmann E. Dynamics close to the thermal state
limit and the correct equilibrium state with vanishing chemi-
cal potential is missetsee Appendix E

The corresponding time evolution of the total particle
tot

(t)

tot
N
\
1
’
¥
!
\
4

eff
o
3
o
1

AN
-,
!

total particle density n

In this subsection we address the properties of systems
close to thermal equilibrium. It is a widely used assumption
number density® is shown in Fig. 12. It is obtained as the that the_zre exists a_regi_me _close_to the the_rmal_state, V\_/here the

eff = o : - .~ relaxation approximation is valid. Especially interesting are
momgntum Space 'ntegral over the _effectlve d'St.”bUt'onsettings, where all momentum modes are in equilibrium, but
function, which is defined for symmetrip{ —p) configu-

. . . only a single momentum mode is out of equilibrium and
rations by the equal-time Green functions|6g] deviates from its equilibrium value by a small amoudit. In

such a casedN(t) should decrease exponentially in time.
1 The corresponding rate can be calculated in the usual quasi-
_ [=< < _ = particle approximatiorti.e., starting from the standard Bolt-
Ner(P,0) \/G‘f"ﬁ(p’t’t)G”(p’t’t) 2° (4.29 zmann equationand is given by the on-shell width of the
particle as determined from the imaginary part of the re-
From Fig. 12 we clearly see that the particle number for thgarded self-energy at the on-shell ene(gjth respect to the
full Kadanoff-Baym equation is not constant in time, but momentump) as y,,(p)=—Im=R(p,w(p))/w(p).
changes due to <3 transitions. Finally, the distributions  In order to study the relaxation behavior within the full
D1, D2, and DT show an excess of particles—related to theiKadanoff-Baym theory we generate a corresponding initial
positive chemical potential—that is reduced until the com-state by the following procedure: We first start with a general
mon particle number is reached in the stationary limit. Innonequilibrium distribution at=0 and let it evolve in time.
contrast, the distribution D&otted ling with initially well After a sufficiently long time period all momentum modes of
separated maxima in momentum space has too few particlet)e system get close to equilibrium. We then excite only a
however, during the time evolution particles are producedsingle momentum mode at a specific titpedy multiplying
such that the system reaches the common equilibrium statbe equal-time Green functiorGZd,(p,t,t) andG__(p,t,t)
as well. att=t, with a factor close to 1. As a result the corresponding
Furthermore, we point out the importance of the spectrakffective occupation numbert.x(p,t) (4.29 differs slightly
function entering the relaxation ratd.26) via the integral from its equilibrium value byAN(t,).
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i 3.0 - FIG. 14. Comparison of the relaxation rates for single excited
S momentum mode#ull dots) with the on-shell widths calculated at
2-, 25 finite temperature for various momentum modes. The equilibrium
t -3.54 N . :
s state is characterized by/m=18 and a temperature Of.q/m
g =1.835.
c 404 E
L
B
2 45 J w(p) and the self-consistent width for all momenta and en-
5 ergies such that the on-shell widfh,(p) can be determined
K] o via Eq. (4.7). The comparison in Fig. 14 shows a very good
F 77 agreement of the results for the relaxation rate obtained from
© T T

o 1000 1005 1o 1o 1o 1025 a time-dependent_single mode excitation of'an equilibrated
system with the findings for the on-shell width calculated
within the self-consistent thermal approach. Thus the strong
relation between both quantities has been shown explicitly

FIG. 13. Time evolution of the zero momentum mode of the A
distribution function that has been excited at the system time]cor the case of a general off-shell nonequilibrium theory.

t,-m= 1000 (upper pant. From the exponential decrease of the de-
viation from the equilibrium valuéthat has been subtracted in the V. FULL VERSUS APPROXIMATE DYNAMICS
lower ploY the relaxation rate can be extracted.

time tm

The Kadanoff-Baym equations studied in the previous
sections represent the full quantum field theoretical equations

For t>t, this deviationAN(t) indeed vanishes exponen- with the chosen topology for the self-consistent dissipative
tially according to the full Kadanoff-Baym equations as self-energy on the single-patrticle level. However, its numeri-
shown in Fig. 13 for the zero momentum mode of the distri-cal solution is quite involved and it is of interest to investi-
bution function. For the specific case shown in Fig. 13 thegate, in how far approximate schemes deviate from the full
equilibrium state has been generated by starting with thealculation. Nowadays, transport models are widely used in
initial distribution DT for a coupling constart/m=18. At  the description of quantum system out of equilibriisee
the time t,-m=1000 both Green functions have beenthe Introduction. Most of these models work in the “quasi-
changed simultaneously by only 1®in order to avoid large particle” picture, where all particles obey a fixed energy-
disturbances of the system. From the exponential decrease wfomentum relation and the energy is no longer an indepen-
the deviation one can directly extract the relaxation rate. dent degree of freedom; it is determined by the momentum

This extraction has been done for several momentunand the(effective mass of the particle. Accordingly, these
modes which leads to the numbers displayed in Fig. 14 byarticles are treated with thei#-function spectral shape as
the full squares. In this plot, furthermore, the extracted relaxinfinitely long living, i.e., stable objects. This assumption is
ation rates are compared to the on-shell width of the particlesather questionable, e.g., for high-energy heavy-ion reac-
as indicated by the line. The latter values have been obtaingibns, where the particles achieve a large width due to the
within an independent finite temperature calculation involv-frequent collisions with other particles in the high density
ing the self-consistent spectral functicaend width. The ex-  and/or high energy regime. Furthermore, this is doubtful for
act method is described in detail in Appendix D. We note,particles that are unstable even in the vacuum. The question,
that—apart from the coupling constant—only the equilib-in how far the quasiparticle approximation influences the dy-
rium temperature T,/m=1.835 enters into the self- namicsin comparison to the full Kadanoff-Baym calculation,
consistent scheme as input. It yields the on-shell energieis of general intereqt54,57).
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We also remark that the recent studies in R¢f&l—
63,66,77, where homogeneous systems i 1l dimensions
have been investigated, are rather special as the on-shell
2-to-2 elastic collisions are strictly forward. Thus an on-shellVice versa we can define the quasiparticle distribution func-
Boltzmann description will not lead to any kinetic equilibra- tion by means of the quasiparticle Green functions at equal
tion in momentum space. This is different in-2 dimen- timest as[20]
sions as we will see below.

p(t)_ \/p 2+m +Eren(t) (52)

A. Derivation of the Boltzmann approximation p( ) _
. . L N 't )+ —— Gt
In the following we will give a short derivation of the awlPD=| =5 1GuyaP 20p(1) G gl P 1Y)
Boltzmann equation starting directly from the Kadanoff-
Baym dynamics in the two-time and momentum-space rep- B } < A<
resentation as employed within this work. This derivation is Z[Gqup(p,t,t) Gy L] 53

briefly reviewed since we warit) to emphasize the link of

the full Kadanoff-Baym equation with its approximated ver-

sion and(ii) to clarify the assumptions that enter the Boltz-

mann equation. The conventionally employed derivation Oflalsmg tk:e equatlc()jns of mO;I\CZJHS for tlhe Greeg functions in

the (equivalent Boltzmann equation will be discussed later di2gonal time direction (A2) = (exploiting on(Pt1)

on. =—[G ¢(p t,t)]*) the time evolution of this distribution
Since the Boltzmann equation describes the time evolufunction is given by

tion of distribution functions for quasiparticles we first con-

sider the quasiparticle Green functions in two-time represen-

tation for homogeneous systems:

INgp(p,t) = Re{'lqp(ptt)

—i (5.9
P The time derivatives of the on-shell energies cancel out since
+[Ngo(£p)+1lexd Fiwp(t;— 1)1}, the quasiparticle Green functions obey
G (Pt =w5(1)G,4(p,t,1) (5.5)

_ 1 _
;ﬂ—’qp(p;tlrtZ) = E{I qu( + p)eX[L[ uall| wp(tl_tz)]

i[qu(ip)+1]exp:1|wp(tl—t2)]}, as seen from Eq5.1). Furthermore, we remark that contri-
butions containing the energyzp—as present in the equation

_ 1 _ ) of motion for the Green function@2)—no longer show up.
GZg.qpPrtrte) = S{=Ngy(+p)exH £iwy(ty —t5)] The time evolution of the distribution function is entirely
determined by(equal-time collision integrals containing
F[Ngg(£p) +1]exgd Fiwp(ti—t2) ]}, (time derivatives of theGreen functions and self-energies,

t
. |1<;qp(p,t,t)=f dt'S ,(p.tt") Gy Pt 1)
71'77 qp(p tlth) 2 {qu(_'_p)exn:_'_lwp(tl t2)] fo
3Pt t )Gy Pt 1), (5.6
+[Ngg( £ p)+1]exe] Fiwp(t;—ty) ]} qp PP
(5.2 _ t _ _
'1,2;q;{P’t:t):J’t dt'S (P t) Gy g Pt 1)

For each momenturp the Green functions are freely oscil-
lating in relative timet,—t, with the on-shell energyo,.

The time-dependent quasiparticle distribution functions are
given with the energy variable fixed to the on-shell energy asSince we are dealing with a system of on-shell quasiparticles
Ngp(P,t)=N(p,po=wp,t), where the on-shell energies,  within the Boltzmann approximation, the Green functions in
might depend on time as well. Such a time variation, e.g.the collision integral€5.6) are given by the respective qua-
might be due to an effective mass as generated byrémor-  siparticle quantities of Eq(5.1). This holds for the colli-
malized time-dependent tadpole self-energy. In this case thesional self-energies as well and is indicated by the index
on-shell energy reads “gp.

—SP )G, Pt b).
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The actual Boltzmann approximation is defined in thewith the maximum time,,,= max¢;,t,). The same ansatz is
limit, that the distribution functions have to be taken alwaysemployed for the time-dependent on-shell energies which en-
at the latest time argument of the two-time Green functionter the representation of the quasiparticle two-time Green
[55,57]. Accordingly, for the general nonequilibrium case we functions (5.7) with their value att
introduce the ansatz for the Green functions in the collision= max¢; t,)).
term

maxs 1-€., @p= 0p(tmax

The collision term contains a time integration which ex-
i tends from an initial timeg, to the current time. All two-
GooapPitet2) :ﬂ{qu( FP tmadeXd Tiwp(t;—ty)] time Green functions and ;elf-en(a_rgleg depend on the current
p time t as well as on the integration timé<t. Thus only
+[Ngo( =Py tma + 1] distribution functions at the current time, i.e., the maximum
. time of all appearing two-time functions, enter the collision
xXexd Fiwp(t;—ty) 1}, integrals and the evolution equation for the distribution func-
tion becomes local in time. Since the distribution functions
" are given at fixed time, they can be taken out of the time
zw (Pt == { T Ny F it ext +iwg(t;—t,)] integral. When msert_lng the expressions .for the self-energies
gmapilr2 2{ P ma) Pt 2 and the Green functions in the collision integrals the evolu-
tion equation for the quasiparticle distribution function reads
[ Nopl % Py tnd + 1] . quasip

Xex;{iiwp(tl—tz)]}, (57)

(2m9s9(p—q-r—s)

ddq ddr f dds
(2m)d 2wp202w 20

AZ
a‘qu(p’t):?f 2m)i) (2m)

X

- _ J— t
[Np,tN—q,tN—r,tN—s,t_Np,tN—q,tN—r,tN—s,t]ft dt/COS([t—t/][a)p'f‘wq'er'f'ws])
0
- _ _ t
+3[Np,thq,thr,th,t_Np,thq,thr,th,t]ft dt,COS[t—t’][wp-F (I)q"l_ (I)r_ws])
0
R . t
+3[Np,tN7q,tNr,tht_Np,thq,tNr,th,t]ft dt'coq[t—t'|[wp+ wg— o, — w4])
0

_ - t
+[Np,th,tNr,tht_Np,th,tNr,tht]ft dt,Coq[t_t,][(Op_(l)q_(l)r_(l)s]) y (58)
0

where we have introduced the abbreviatiip=Ng(P,t)  Herew=w,* w,* w,* ws represents the energy sum which
for tme quasiparticle distribution function at current time is conserved in the limit—t,— o where the initial time is
and N, =Ngy(p,t)+1 for the according Bose factor. Fur- considered as fixed. In the energy conserv_ing _Iong_-time limit
thermore, a possible time dependence of the on-shell enef5.9) only the 2-2 scattering processgthird line in Eq.
gies is suppressed in the above notation. (5.8/] are contributing. All other terms vanish since the cor-
The time evolution of the quasiparticle distribution is "ésponding energy-functions cannot be fulfilled for on-
given as an initial value problem for the functidt,(p) shell quasmarucles. In the fol!owmg we will solve _the energy
prepared at initial timet,. For large system times (com- conserving Boltzmann equation for on-shell particles:
pared to the initial timethe time integration over the trigo-

, . . . A2 dY ddr dds
nometric function results in an energy conservéfunction: Ngo(p,t) = _f f
2) (2me) @2m (2w
1
t . % d+1
lim dt’coq[t—t']w) (2m) 20202020
t*tOHOC‘ tO _ o
1 X[Np,th,tNr,tht_Np,th,tNr,tht]
= lim —sinf(t—t)w]=md(w). (5.9 X 8D (p+g—r—9 8w+ wg— v, — wy).
tftoﬂocw

(5.10
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FIG. 15. Evolution of the
Green function in momentum
space within the full Kadanoff-
Baym dynamics. The equal-time
Green function is displayed for
various timestm=0, 15, 30, 45,
75, 150. Starting from an initially
nonisotropic shape it develops to-
wards a rotational symmetric dis-
tribution in momentum space.
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The system evolution given by E(.10 is explicitly local  implicitly via the self-energies—are written in Wigner repre-
in time since it depends only on the current configuration;sentation as a product of a distribution functibinand the
there are no memory effects from the integration over pasgpectral functionA (see Sec. IV D The quasiparticle as-
times as present in the full Kadanoff-Baym equation. sumption is then realized by employingsdike form for the

We point out that the numerical algorithm for the time spectral function which connects the energy variable to the
integration of Eq.(5.10 is basically the same as the one momentum. By integrating the first order transport equation
employed for the solution of the Kadanoff-Baym equationgyer all (positive energies, furthermore, the Boltzmann

(see Appendix A Energy conservation can be assured by aqyation for the time evolution of the on-shell distribution
precalculation including a shift of the lower bounddgyto  fnction (5.10 is obtained.

ea:_ller times. Even smzll t\;:/ne Sht'fts tiUftf'C_e to kteepttrtle It(rl1 Inspite of the fact, that the Boltzmann equati&nl0 can
EZ(chan%rllf?ngg :102532;;6 noecorl(r)e?a'tionaeslr;rcor;sraséne?ate e obtained in different subsequent approximation schemes,
ym €q ay1s g is of basic interest, how its actual solutions compare to

in the Boltzmann limit. )
In addition to the procedure presented above, we calculatté1ose from the full Kadanoff-Baym dynamics.

the actual momentum-dependent on-shell energy for every
momentum mode by a solution of the dispersion relation

including contributions from the tadpole and the real part of

the (retarded sunset self-energy. In this way one can guar-
antee that at every timethe particles are treated as quasi-
particles with the correct energy-momentum relation.

B. Boltzmann vs Kadanoff-Baym dynamics

In the following we will compare the solutions of the
Boltzmann equation with the solution of the Kadanoff-Baym
theory. We start with a presentation of the nonequilibrium

Before presenting the actual numerical results we willt. luti £t lidi ficl lati
comment on the derivation of the Boltzmann equation within Ime evoiution of two colliding particie accumula |_orﬁt5u-
amig [39] within the full Kadanoff-Baym calculatiorisee

the conventional scheme that is different from ours. Here, af* . ) : : )
first the Kadanoff-Baym equatiofin coordinate spageis Fig. 15. Sgch conflguratlons are also used for simulations in
transformed to the Wigner representation by Fourier transforthe heavy-ion physics contej9,54-57. .
mation with respect to the relative coordinates in space and During the time evolution the bumps at finite mometite
time (for ¢* theory see Refd20,27)). The problem then is Px direction gradually disappear, while the one close to zero
formulated in terms of energy and momentum variables tomomentum—uwhich initially stems from the vacuum contri-
gether with a single system time. For nonhomogeneous sy$ution to the Green function—is increased as seen for differ-
tems a mean spatial coordinate is necessary as well. As ent snapshots at timém=0, 15, 30, 45, 75, 150 in Fig. 15.
next step the “semiclassical approximation” is introduced, The system with initially apparent collision axis slowly
which consists of a gradient expansion of the convolutiormerges—as expected—into an isotropic final distribution in
integrals in coordinate space within the Wigner transformaimomentum space.

tion. For the time evolution only contributions up to first  For the comparison between the full Kadanoff-Baym dy-
order in the gradients are kefgtee Eq.(4.14]. Finally, the  namics and the Boltzmann approximation we concentrate on
guasiparticle assumption is introduced as follows: The Greerquilibration times. To this aim we define a quadrupole mo-
functions appearing in the transport equation—explicitly orment for a given momentum distributid¥(p) at timet as

025006-21



JUCHEM, CASSING, AND GREINER PHYSICAL REVIEW [®9, 025006 (2004

10 E T 1 T T T E Iﬂ’\ 10 T T 1 T 1 1 T 1
? 9 _. —u— Kadanoff-Baym - distribution d1 _
9— E ~ ] —a— Kadanoff-Baym - distribution d2 J
E £ 8| —o— Boltzmann - distribution d1 i
E o —~— Bolizmann - distribution d2 4
8 ~ 7 4 -
3 <
~ oy \a 6 4./. _
E L& I N e [:— = ]
g 1 TR TR, e o 54 O i
be] 1T TR, Ty £ 1
ol TN e E ‘] ]
I N E 34 A _—A’*—" A A T
1 | —/ Kadanoff-Baym 1 8 2 -
5] [ ------ Boltzmann 3 2
] P ] ® 11 -
distribution d2 ]
T T T T T 1 4 0 T T T T T T T T T T T T T T T T T
0 10 20 30 40 50 60 4 6 8 10 12 14 16 18 20 22
time tm coupling constant A/ m
FIG. 16. Decrease of the quadrupole moment in time for differ- ) o _
ent coupling constantd/m=8—16 in steps of 2 for the full FIG. 17. Relaxation rat@livided by the coupling. squaregfor
Kadanoff-Baym calculation(solid lineg and the Boltzmann ap- Kadanoff-Baym and Boltzmann calculations as a function of the
proximation(dashed lines interaction strength. For the two different initial configurations the

full Kadanoff-Baym evolution leads to a faster equilibration.

d2
f ® [p2- P7IN(p,1)

(2m)? only support on the mass-shell, only«2) scattering pro-
= 42 , (5.1)  cesses are described in the Boltzmann limit. All other pro-
J' P N(p,t) cesses with a different number of incoming and outgoing
(2m)? particles vanisias noted befone Within the full Kadanoff-

Baym calculation this is different, since here the spectral
which vanishes for the equilibrium state. For the Kadanoff-function—determined from the self-consistent Green func-
Baym case we use in E@5.1] the effective distribution tion (see Sec. IV G—acquires a finite width. Thus the Green
function neg(p,t), which is determined by the equal-time function has support at all energies although it drops fast far
Green functiong4.29. When constructing the distribution off the mass-shell. Especially for large coupling constants,
function by means of equal-time Green functions the energywhere the spectral function is sufficiently broad, the three
variable has been effectively integrated out. This has the agarticle production process gives a significant contribution to
vantage that the distribution function is given independentlythe collision integral. Since the width of the spectral function
of the actual on-shell energies. We note that a calculatioincreases with the interaction strength, such processes be-
with the on-shell energies basically leads to the same resultsome more important in the high coupling regime. As a con-

The relaxation of the quadrupole momébt1l) has been sequence the difference between both approaches is larger
studied for two different initial distributions: The evolution for stronger interactions as observed in Fig. 17. For small
of distribution d2 is displayed in Fig. 15 while for distribu- couplingsh/m in both approaches basically the usuah2

tion d1 the position and the width of the two particle bumpsscattering contributes and the results for the Faeare quite
have been modified. The calculated quadrupole momer§imilar.

(5.1)) shows a nearly exponential decrease with tifsee In summarizing this section we point out that the full
Fig. 16 and we can extract a relaxation ralfgy via the  solution of the Kadanoff-Baym equations does include
relation 0—4, 1-3, and 2-2 off-shell collision processes
which—in comparison to the Boltzmann on-she#=2 col-
Q(t) < exp(—Tot). (5.12 lision limit—become important when the spectral width of

the particles reaches 1/3 of the particle mass. On the other
hand, the simple Boltzmann limit works surprisingly well for
smaller couplings and those cases, where the spectral func-
tion is sufficiently narrow.

Figure 17 shows for both initializations that the relaxation in
the full quantum calculation occurs faster for large coupling
constants A than in the quasiclassical approximation,
whereas for small couplings the equilibration times of the
full and the approximate evolutions are comparable. We find
that the scaled relaxation ri@/)\z is nearly constant in the
Boltzmann case, but increases with the coupling strength in In this subsection we concentrate on the quadrupole relax-
the Kadanoff-Baym calculatiotespecially for the initial dis- ation rates observed for the full Kadanoff-Baym and the
tribution d2. Boltzmann approximation in order to provide a simple and
These findings are explained as follows: Since the freéntuitive explanation for the actual values extracted in the
Green function—as used in the Boltzmann calculation—hagast subsection. To this aim we study an idealized initial state

C. Estimate for the quadrupole relaxation
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given by twods-functions in momentum space. For symmetry lar in view of the relaxation rate of the quadrupole moment.
reasons they are placed on the positive and negatjsaxis ~ For simplicity we will explore this question employing the
atp,=0. Thus the initial distribution function reads Boltzmann equation, since the differences between the full
and the quasiparticle calculation are rather moderate.
The special form of the initial distributiohl® (5.13 has
N°(p,t=0)=Ng&( P S(Px— Pini) + S(Px+ Pini) 1, the particular advantage, that the collision term of the Boltz-
mann equation can be calculated analytically at the begin-
(5.13 ning of the evolution. We find for the time evolution of mo-
whereNg is a normalization constant. We are now interestedmentum moments within the Boltzmann approximation in
in the time evolution of this distribution function in particu- 2+1 space-time dimensions:

d? d?
i ON(p,w:f i

d

d d
GO =q (2m)?

(2m> 1@ D (ptg-r-9)

_)\ZJ d’p d?q dzrj d’s o 1
2) 2m?) @2m?) @emn?) @2rn? 20202020

X{[L+N(P,HIT+HN(@HINT,HN(S, ) = N(p,HN(g,H)[1+N(r,t) J[1+N(s,t) ]} (5.14

Here © can be a function of the momentum coordinates, butvhere we take into account explicitly the different choices
is assumed to be independent of time, e@s {1p%,p}.  for the operato¥{1,p;,p7}. In Eq. (5.16 we have intro-
Furthermore, the energy is fixed in this quasiparticle calcuduced the on-shell energy of the initial particle localization
lation by the momentum g% = w,= Jm?+p 2. For our spe- in momentum space;,=\m?+ pizni as well as the energies
cial initial stateN°® and for the chosen operatof? all con- W= VM2 + (Py* 2pin) 2+ pf/_ Since the integration over
tributions of prOdUCtS of more than two distribution functions the last twod-functions in energy y|e|ds zero, the 0n|y con-
cancel out. Thus the derivative of the mean value is given byribution to the integral stems from the first term, which can

d N2 d%p d?q d?r d?s
SO | ==
dt 32 (2m) (21)

be evaluated as

2 2

2 2
@m?) @m L] (¥ Lo [
1 — p2 :N52 _ p2
XO———(2m)* 15 )(p+g—r—s) dt / © ga2mt w3 | "
WpW Wy Wg 1 gain ini 2

X{N°(r,t)N°(s,t) = N°(p,t)N°(q, 1)}

we obtain for the gain term

(5.19

By inserting the explicit form of the initial conditions and
performing the integrations over the momentdnafunctions

(5.17

For the loss term we fin@after carrying out the momentum
space integrals

2 2 2 2
p p p Pini
d >2< - 52)\2 d2p >2< d ’2‘ _Nﬁz)\z d2r (|)n|
at\ | P[] Mmoo ™ at\ | %[ ) T3] mp
1 : 1 1
gain loss
1 1
X| 2—— 82wy~ 2wiy;) X|2——5 6(20,— 2wiy)
WpWip Wy Wini
1 1
+2—5(wp+wp+—2wmi) +2—5(wr+wr+—2wini)
WpWinj@Wp+ W Wipj Wy +
1 1
+————(wpt wp-—2wp) |, +2—5(wr+wrf_2wini)
WpWiniWp— Wy Wiy Wy —

(5.19

(5.18
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with the energy functions,. given as above. Due to the the effective mass slightly increases with the couplign
appearance dfl°(p) in the loss term the integration over the in the full calculations, the agreement is even better.
momentump is performed directly such that the values of = Thus momentum relaxation in the full Kadanoff-Baym
the operator are fixed. Again only the first term of the inte-equations as well as in the Boltzmann limit can be under-
gral gives a nonzero result and we get for the loss term in thetood in rather simple terms. Turning the argument around,

early time evolution we can conclude that relaxation phenomena—as described
by the Kadanoff-Baym equations—do not differ very much
2 2 . . . . ..
P 5 2P in comparison to semiclassical limits though the full quan-
i p2 —N22 A i 0 tum off-shell propagation is invoked.
dt y 0 64(2)* w%i ' In addition, we note that the relaxation time for the quad-
1 loss 2 rupole moment is one order of magnitude larger than the

(5.19  typical inverse damping width, which dictates the relaxation

i i , of a single mode out of equilibriurtsee Sec. IV E Going
From Egs.(5.17 and(5.19 we find—in agreement with the from Eq. (5.14 to Eq. (5.15 one notices that the Bose en-

general properties of the Boltzmann equation—that the totghancement factors have dropped out for the further estimate

particle number is conserved for our particular initial state ¢ the quadrupole relaxation rate. On the other hand these
factors enter crucially in the total width. For @+1)-

-0 (5.20 dimensional system these Bose factors are of special impor-
tance and increase significantly the damping width. This ex-
plains the obvious difference between the quadrupole

Thus the total particle number is given b¥(t) relaxation—characterizing kinetic equilibration of a far-

=2N{/(2)? for all imest. Furthermore, for the reduction from-equilibrium system—and the relaxation of a single

of the quadrupole momerttalculated with the initial distri- mode out of equilibrium.

bution N°) we obtain

a Niot(t) f ol a N(p)
totl 1) = p
dt (24r)2 dt o

d d2p d VI. SUMMARY AND OUTLOOK
gt QW "Nyt (277)2[p)2(_ pi]aN(p) In this work we have studied the quantum time evolution
t=0 t=0 of ¢*-field theory for homogeneous systems it 2 space-
N2 pl time dimensions for far-from-equilibrium initial conditions
= —Ng—ﬂ, (5.21)  on the basis of the Kadanoff-Baym equations. We have in-
64(21)? wﬁ]i cluded the tadpole and sunset self-energies, where the tad-

pole contribution corresponds to a dynamical mass term and
where the gain term does not give a contribution due to thehe sunset self-energy is responsible for dissipation and an
symmetry in the momentum coordinatesandp . equilibration of the system. Since both self-energies are ul-
As indicated by the numerical studies shown in the lastraviolet divergent we have renormalized the theory by in-
subsection the quadrupole moment decreases nearly expguding proper countertermisee Appendix B The numeri-
nentially in time. Thus assuming a decrease of the quadrital solutions for different initial configurations out of
pole moment of the forn@(t) = Qoexp(—I'qt) we can deter-  equilibrium (with the same energy densjitghow, that the

mine the relaxation rate as asymptotic state achieved fors is the same for all initial
. ) conditions. In fact, we have shown that this asymptotic state
- Q(t=0) N A 1 corresponds to the exact off-shell thermal state of the system

=" ——=Np (5.22 ; it _ - ; i
Q(t=0) 64(21)> \/szpizniS obeying the equilibrium Kubo-Martin-SchwingékKMS) re

lations among the various two-point functions. Hence within
these approximations the Kadanoff-Baym equations manifest
irreversibility as expected from its coarse graining nature ex-
pressing the dynamics in terms solely of two-point functions.
During the equilibration we have identified three different
n(p,t=0)=ngex — (|px| — Pin)*/20%] expl — pi/207) stages which are related (9 the initial build up of correla-
(5.23 tions, (ii) a kinetic thermalization, and finallyii ) a chemical
. ) ) . equilibration. We find that the correlations are formed at very
we avail the cﬁorrespondlng representation of daRInction gt fimes scales practically independent from the coupling
and identifyNo=2mnooyo, . Thus we can estimate the re- strength involved. This result is in agreement with earlier
laxation rate for the distribution ding=1, 0,=0.75, 4  studies of the nonrelativistic Kadanoff-Baym theory in the
=0.75, pin=2.5) asI'g'~7.16x10 % A% and for distribu- nuclear physics contexi58]. We have, furthermore, ob-
tion d2 (np=1, 0,=0.5, 0y=1.0, p;,;=3.0) asI‘dQ2~3.93 served that during the second phase of kinetic equilibration
X 1075.\?, respectively. In both cases an initial mass the time evolution of the occupation numbers of stdtes-
=1 has been used. A comparison of this rather rough estmentum modesmay be nonmonotonic; here a memory to
mate with the results from the actual calculations shows ahe initial configuration is kept in the full off-shell dynamics.
remarkably good agreement. When taking into account, thafhis is not observed in the pure kinetic Boltzmann descrip-

with the initial valueQ(t=0)= pﬁﬂ. In order to connect this
result to the initial distributions employed in our calculations
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tion. In the final state, which is achieved due to chemicalthe case of massless fielda— 0 in the original Lagrangian
equilibration, we have demonstrated that the distribution(2.1)] as well. In principle, we find no qualitative difference
functions can adequately be described by thermal Bose fundén the dynamics of massless fields compared to the one with
tions employing a temperatufieand chemical potentigt as  finite mass for moderate couplings due to the generation of
Lagrange parameters. Since thé theory does not include an effective thermal mass by the leading tadpole diagram.
an explicitly conserved quantum number, the chemical poHowever, close to a critical coupling' T~4.266 we obtain a
tential . has to vanish in thermal equilibrium. This limit is Substantial decrease of the pole mass for the zero momentum
achieved dynamically within the Kadanoff-Baym scheme bymode, which is accompanied by a large increase of the width
off-shell 13 transitions that violate particle number con- (S€€ Fig. 28 Simultaneously the occupation number of the
servation as recently conjectured in Ri@4]. Such processes owest mode changes drastically while the occupation of the
are inhibited in the Boltzmann limit due to number- higher momentum modes remain about the same. We address

conserving 2-2 on-shell scattering processes. The approaciis effect as due to the onset of Bose condensation, where
to chemical equilibrium, moreover, is found to be well de- OUr successive iteration scheme breaks down. We note that in

scribed in an approximate scheme that only involves smalin® present approach the system has to stay in a symmetric
deviations from the equilibrium state. phase wr_uch dynamma}lly mlght no Iong(_ar t_)e pr_eferred. Thus
The spectral(“off-shell” ) distributions of the excited & future investigation including nonvanishing field expecta-
quantum modes have been evaluated by a Fourier transfofion values49] will be necessary to clarify the properties of
mation with respect to the time difference-t’ from the  this phase transition.
retarded Green functions. For the systems investigated we
have found no universal time evolution for these spectral ACKNOWLEDGMENTS
functions, however, they differ only in the phase of kinetic . ) .
nonequilibrium and rather fast approach the thermal equilib- The authors thank S. Leupold for various discussions
rium shapes. The width of the spectral functions increasefroughout our investigations. This work was supported by
with the coupling strength. employed in the interacting GS! Darmstadt and DFG.
theory.
Furthermore, a detailed comparison of the full quantum APPENDIX A: NUMERICAL IMPLEMENTATION
dynamics to approximate schemes similar to that of a stan- . .
dard kinetic (on-shel) Boltzmann equation has been per- For the solution of the Kadanoff-Baym eq_uatlon_s we have
formed. Our analysis shows that the consistent inclusion ofi€veloped a computer program which differs in several
the dynamical spectral function has a significant impact orP0ints from the approach presented in R¢6d.,77. Instead
relaxation phenomena. We find that far off-shei-B pro-  ©f solving the second order differential equatith16 we
cesses are also responsible for a shortening of the quadrupdlénerate a set of first order differential equations for the
relaxation rate in case of larger couplingsrelative to the ~Green functions in the Heisenberg picture
Boltzmann limit, which is attributed again to the fact that the
latter transitions are missed in the Boltzmann approximation. 1G 34(X1,%2) =(d(X2) (X1))=iG =(X1,X5),
Nevertheless, the relaxation is rather adequately described in
the Boltzmann limit for sma_tll and moderate couplings, such iG:¢(x1,x2)=(¢(x2)w(x1)>=atliG§¢(x1,x2),
that the full off-shell dynamics has only a small effect on the
relaxation processes in momentum space. We have shown  _ -
additionally, that the relaxation rates can also approximately |G g=(X1,X2)=((X2) $(X1)) = ,,iG 44(X1,X2),
be determined by a simple relaxation ansatz with satisfying
results. i< - - iG<
Moreover, we have demonstrated, that the monotonous (G (X0 X2) ={m(Xe) (X)) = 1, 11 G (X1 X2), - (AD)
evolution within the number conserving Boltzmann limit ) i
does not approach the correct equilibrium state, but shows With the canonical field momentuna(x) =y ¢(x). The
finite chemical potential in the stationary lintdppendix B.  first index 7 or ¢ is always related to the first space-time
This, of course, must be considered as a shortcoming of thargument. Exploiting the time-reflection symmetry of the
semiclassical on-shell approximation, which in principle Green functions some of the differential equations are redun-
could be cured by inclusion of higher order processes. Andant. The required equations of motion are given as
other important task in this context will be the investigation
of more involved approximation schemes in terms of gener- ﬁth;¢(p,tl,t2)=G;¢(p,tl,t2),
alized transport equationg35,80—84 in order to prove
whether these gradient expansion schemes including off- - ) -
shell particles yield a reliable description of the dynamics. In 9iGy4(P,t,H) =21 IM{GZ,(p.t, 1)},
particular, the range of validity has to be explored depending
of the actual nonequilibrium conditions. Due to the off-shell 3, G7,(p.t1,t2)=—Q%(t1)G4(p,t1,t2) +17(P,ty,t2),
nature it is expected that the correct final statéeh vanish-
ing chemical potentialwill be assumed, too. - -
As discussed in Appendix D, we have briefly considered It,Crp(Pil1,12) = Gra(pity L),
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3G 4(pt,t) = —Q2(1)G4(p,t,1) The self-energies2.18), furthermore, are calculated in coor-
dinate space where they are products of coordinate-space
+G_ (ptL,O)+I17(p.t 1), Green functiongthat are available by Fourier transforma-

_ _ _ tion) and finally transformed to momentum space.
5thwW(pvt1:t2):_Qz(t1)G APt ) F1Ap, g, t),

APPENDIX B: RENORMALIZATION OF ¢* THEORY

< 02 . <
atG'rr'n'(patlt)_ Q (t)2| |m{Gw¢(p,t,t)} IN 2+1 DIMENSIONS

+2i Im{1 3 4(p,t,0)}, (A2) In 2+1 space-time dimensions both self-energges Fig.

2) incorporated in the present case are ultraviolet divergent.
Since we consider particles with a finite mass no problems
arise from the infrared momentum regime. The ultraviolet
regime, however, has to be treated explicitly.

For the renormalization of the divergences we only as-
sume that the time-dependent nonequilibrium distribution
functions are decreasing for large momenta comparable to
the equilibrium distribution functions, i.e., exponentially.
Thus we can apply the conventional finite temperature renor-
malization scheme. By separating the real-ti@guilibrium)

wheret=(t;+1,)/2 is the mean time variable. Thus we ex-
plicitly consider the propagation in the time diagonal direc-
tion as in Ref.[57]. In the equations of motioifA2) the
current (renormalizedl effective energy including the time
dependent tadpole contribution enters

Q2(t)=p 2+ m2+ sm2 i+ omi,+3°(1).  (A3)

The evolution in thet, direction has not be taken into ac-

< < . .
count for(.3¢¢ andG,, since the G_reen _functlo_ns beyond Green functions into vacuumT&0) and thermal parts it
t_he time dlagonaltgitl) are deterguneglnathe time reilec— becomes apparent, that only the pure vacuum contributions
tion - symmetry Gyyr(Pit1,12) =~ [Cyp/mn(Pit2.t1)] of the self-energies are divergent. For the linear divergent

from the known values for the lower time triangle in bot tadpole diagram we introduce a mass countertéamthe
cases. Since there is no time reflection symmetry foGhg  .onormalized mass) as

functions, they have to be calculat¢dnd storegl in the
wholet,, t, range. However, we can ignore the evolution of

Gy, since it is obtained by the relatio, (p.t;.t,) ’ _f d’p 1 e
= —[G:d,(p,tz,tl)]*. The correlation integrals in EGA2) OMiag= (2m)2 20p’ @p= VPTEMS, (B1)
are given by

ty that cancels the contribution from the momentum integration
IT(pty,tp)= —f dt'[27(p,ty,t") =2 (p,ty,t")] of the vacuum part of the Green function.
0 In the case of a sunset diagram only the logarithmically
ty divergent pure vacuum part requires a renormalization, while
XG;¢(p,t’,t2)+J dt’><(p,t;,t") it remains finite as long as at least one temperature line is
0 involved. Contrary to the case oftf3 dimensions it is not
X[G;¢(—p,tz,t’)—Gz(b(p,t’,tz)], (A4) necessary to employ the involved techniques developed for
the renormalization of self-consistent theori@s equilib-
|f2(p,t1,t2)zat2| “(pityity) rium) in Refs.[93,94. Sinqe the divergence only appeérs
’ energy-momentum spacé the real part of the Feynman
t self-energy>® at T=0 (and equivalently in the real part of
= j dt'[S7(p,ty,t)—3<(p,t;,t)] the retarded/advanced self-enerdie$?), it can be absorbed
0 by another mass counterterm

ta
XG;‘IT(pIt ,t2)+JO dt 2<(p1tl1t ) 5m§un:_ReE$—:0(p2):_ReE‘I?/ZAO(pZ)

X[Gry(—Pt2, ") =Gy (pt' 12)].  (A5) N2 dg 42r

In Egs. (A2) and (A5) one can replaceG;, (p,t;,t;) 6 (2m)2) (2m)2

= —[G:¢(p,t2 ,t1)T* such that the set of equations is closed

in the Green function§},, G, andG, . y 1 wqt ot ®gr—p B2
The disadvantage, to integrate more Green functions in 40q0;0qsr—p [t @+ 0gs ]2~ P

time in this first-order scheme, is compensated by its good
accuracy. As mentioned before, we especially take into ac- _
count the propagation along the time diagonal which leads t@t given 4-momentunp=(po,p) and renormalized mass.
an improved numerical precision. The set of differential N summary, we replace the nonrenormalized nmag®n-
equations(A2) is solved by means of a fourth-order Runge-tained in the original Lagrangia(®.1) by m3=m?+ smgy
Kutta algorithm. For the calculation of the self-energies we+ 6m2,,with the mass counterterms given by E¢81) and
apply a Fourier-method similar to that used in R¢Est1,57). (B2). Thus the divergent part of both diagrams is
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FIG. 18. Time evolution of two momentum modép|/m FIG. 19. Time evolution of two momentum modep|/m
=0.0, |p|/m=2.0 of the equal-time Green function starting from =0.0, |p|/m=2.0 of the equal-time Green function starting from
the initial distribution D2(as specified in Sec. Ill Awith coupling  the initial distribution D2 with coupling constak m=14. Without
constant\/m=14. With the renormalization of the sunset diagram the renormalization of the sunset diagram the curves tend to infinity
a proper limit is obtained when increasing the momentum cutoffiwvhen enlarging the ultraviolet cutoff.

Pmax/M=6, 8, 10, 12, 14, 16, 18, 20, 22, 24.

subtracted. The finite part is fixed such that for the vacuun%he d|vergenc§(as a function qf the mom‘?”t“'.“ cpt))ﬁs
case n(p)=0] both renormalized self-energies vanish at therather weak—in accordance with the logarithmic divergence

renormalized mass. of the sunset self-energy iH+2l space-time dimensions—a

In Figs. 18 and 19 we demonstrate the applicability of thePrOPer ultraviolet limit is not obtained.
renormalization prescription. To this aim we display two mo- _ This problem is cured by the sunset mass counterterm
mentum modes|p|/m=0.0 (upper plots and |p|//m=2.0  (B2) as seen from Fig. 18. For the momentum ma@polém
(lower plotg of the equal-time Green functici® ~(|p|,t,t) =2.0 the calculations converge to a limiting curve with in
for various momentum cutoffg,,,,/m= 6, 8, 10, 12, 14, 16, creasing momentum cutoff. Even for the more selective case
18, 20, 22, 24 with(see Fig. 18 and without(see Fig. 19  of the|p|/m=0.0 mode of the equal-time Green function the
renormalization of the sunset self-energy. For both cases theonvergence is established. We point out that this limit is
renormalization of the tadpole diagram has been used. Webtained for the unequal-time Green functions as \(rdit
mention, that a nonrenormalization of the tadpole self-energghown here explicitly. In fact, it turns out that the equal-
has even more drastic consequences in accordance with thime functions provide the most crucial test for the applica-
linear degree of divergence. For the nonrenormalizedility of the renormalization prescription, since the divergent
calculations—with respect to the sunset diagram—we obbehavior appears to be less pronounced for the propagation
serve that both momentum modes do not converge with inalong a single time directiory or t,. Thus we can conclude,
creasing momentum space cutoff. In fact, all lines tend tahat the renormalization scheme introduced above, i.e., in-
infinity when the maximum momentum is enlargathce the  cluding mass counterterms for the divergent tadpole and sun-
grid size of the momentum grid is kept conspartlthough  set self-energies, leads to ultraviolet stable results.
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- i
APPENDIX C: GENERAL INITIAL CONDITIONS Crrgp(Pt=0t'=0)=— P{n(Fp)+[n(+p)+11}.

In Sec. Il we briefly have described our choice for the (C)
initial conditions for the full dynamical equations; i.e., we
have taken some particular initial momentum distribution of
interestn(p,t=0) which is then inserted in the standard qua-We note that for the energy,, in the above expression we
siparticle expressiongompare Eq(5.1)]: have taken the on-shell energy with the bare mass. This
_ straightforward procedure, though, is not the most general
= A _ form for initial conditions within the standard Kadanoff-
s, P L=01 —O)—Z—%{n(+p)+[n(tp)+1]}, Baym scheme. In principle, there exisur independent real
valued numbers for characterizing the most general initial
condition instead of the two distributions(p,t=0) and
n(—p,t=0) in Eq.(C1).To this aim we first remark that the
formal solution of the Kadanoff-Baym equatiof.9), in-

> o1 o cluding all boundary conditions at the initial tinig, can be
G, P,1=01"=0) _E{i n(=p)*[n(xp)+1]}, cast in the forn{20]

= 1
pmap P t=0t"=0)=5{+n(=p)=[n(=p)+1]},

G§¢(X1,t1;xz,t2)=ft Odt’dt”f d3x d3x” GR(xp,ty;x ") (X, X", t") GAX", 1" X t5)
o=

+J d3x’ d3X"| GR(Xy,ty;X,tg=0) G, (X, tg;X",tg) GAX",tg;: Xa,t5)

_GR(X tox b :0) G< (X/ tnox' t )iGA(X” t” %ot )
1414 50 Th RO REANERT0] at" LgiXo, Lo
0

_ J R Y < ’ o Aryr .
EG (X]_,t]_,x 1t0) G¢7T(X 1t01X 1t0) G (X 1t01X21t2)
0

+iGR(x t1:X',t0) G5 ,(X  to: X"t )iGA(x” t3: X, t5) (C2
(7'[, 1414 4o X3 RO REANEAT0] (?t// Lo A2s L2 .
0 0 to=t{=tr=0

This relation is sometimes denoted as a generalize¢hat apart from the two distributions(p) andn(—p) there
fluctuation-dissipation ~ theorem in  the literature exist two further independent quantities for the initial Green
[15,16,20,24 GR and G* represent the self-consistently functions(C1). One is allowed, for example, to freely choose
dressed retarded and advanced propagator, respectivefife real and imaginary part @;_(p.t,t) instead of those
within the real-time formalism(2.13, (2.14. Since the gstated in Eq.(C1). In more physical terms, the four initial
Kadanoff-Baym equations are second order differential equaconditions correspond to the amplitudes and the phases of
tions in time for both time arguments in case of a relativisticthe two momentum modesand — p. The ansatz in EqC1)
bosonic theory, E¢(C2) obviously has to contain four inde- represents a statistically averaged distribution for the phases.
pendent initial real valued quantities. It is straightforward to Inspecting further the formal solutiofC2), one notices
show thatiGj,(p,t,t) and iG> (p,t,t) are real valued, that all the various terms containing the four initial condi-
whereasiG, (p.t,t) andiG,(p,t,t) are related to each tions and contributing t@;, are damped by the retarded
other by complex conjugation; hence we get two further reahnd advanced propagator for timest,>t,=0 and thus
quantities for the initial conditions. Furthermore, due to thejj|| die out on a time scale of the inverse damping width
equal-time commutation relations, one first notes that (4.7). Correspondingly, this is also the time scale of dephas-
Gue(P.t.)=Gyu(—p.t,t),  GL (p.t,t)=G, (—p.t,t),  ing and decoherence of the initial modes if particular phases
and (i) Gy,(p.t,t)=G;4(—p,t,t)—1. Hence, for a real would have been chosen initially. As an example, some mod-
relativistic field theory for scalar bosons all the variouserate initial oscillations in the equal-time Green function can
Green functions for equal times at momentunp are di- be seen in Figs. 4 and 18. The modes need some time to
rectly related to those at momentym In total, this proves acquire their characteristic spectral dressing and collective
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phase correlations, before the furth@nd rather smoojh  ment of thegp? theory in 3+1 dimensions up to this order has
dynamics proceeds. This time is indeed roughly the inversbeen presented in RgP4].
damping width for the various modes. The destruction of In this appendix we present a method for the calculation
initial (phase correlations resembles the old conjecture ofof self-consistent spectral functions, whightreats different
Bogolyubov[95] that the initial conditions do vanish after order contributions in the number of loops of the self-energy
some finite time and do not show up any further in the sub-on the same footing an() incorporates the finite width due
sequent dynamics of the system. to the imaginary part of the self-energy. Thus the actual spec-
As a final remark we note that one can principally alsotral function reenters the calculation and is iterated until self-
take care of higher order initial correlations within the dy- consistency is reached.
namical prescription, which amot incorporated in Eq(C2) Our iteration scheme is divided into the following steps.
and in the standard Kadanoff-Baym equati¢ts,96—98. (1) The Green function&=, G~ are specified in energy-
We recall that the standard real-time prescription stems fronmomentum spacep(p,). In the initial step this can be done
a perturbative Wick-type expansion, which is valid for a spe-by assuming free Green functiofise., with s-function like
cial initial density operator of single-particléGaussian  spectral functionsat the desired equilibrium temperatufe
type. The Kadanoff-Baym equations then correspond to self- (2) We change to the mixed representation by Fourier
consistent and resummed Dyson-Schwinger equations itransformation with respect tp, and calculate the Green
real-time for a given set of skeleton-type diagrams. On thdunctionsG=, G~ as a function of momentuim and relative
other hand, initial correlations migkar should existbeyond  time At. Since we are interested in (atatig equilibrium
the single-particle mean-fieldor Gaussiahn level. As we situation, there is no dependence on a mean time variable. In
have discussed in Sec. IV A, some particular higher ordetase of the initial on-shell Green functions the mixed repre-
correlations—in this case due to the quantal collisions—willsentation p,At) is obtained analytically5.1).
be generated dynamically during the course of the evolution. (3) The collisional self-energiegz(p'At) are calculated
Hence, in principle, such correlations should also be takein the mixed representation with the Green functions
care of in the beginning of the evolution. This is not a simpleG=(p,At) via Eq. (2.19.
task, though: These nontrivial correlations lead to nonzero Step 3 can be performed in several ways depending on the
expectation values of normal-ordered operators, which caexplicit structure of the self-energy diagrams. For the case of
be taken care of by defining new types of contractions, whichhe sunset diagram ig* theory we utilize another Fourier
couple the time evolution of the system also to those highemethod. Here the self-energies are first evaluated as a func-
order correlations. For details of such a procedure we refefion of relative spatialand timé coordinates, since the sun-
the interested reader to Ref45,96-9§. set self-energy igin coordinate spagesimply a product of
coordinate space Green functions that are available by Fou-
rier transformation with respect to the momentum. In the
APPENDIX D: SELF-CONSISTENT SPECTRAL final step these self-energies are transformed by a spatial
FUNCTIONS AT FINITE TEMPERATURE Fourier transformation back into the desired mixed represen-

. . . . tation.
_Whenever dealing with strongly interacting systems the (4) From the collisional self-energi&s=(p,At) we deter-
single-particle spectral function is of great importance. 'nmine the retarded self-energy as

particular for systems at high temperature and/or high densi-
ties the spectral functions may exhibit a large width con-
nected to a possibly complicated structure rather than SR(p,At)=0O(AD)[Z7(p,At)—>(p,At)]. (D1)
showing as-function shape as in the case of on-shell quasi-

particles.

For systems in equilibrium there are two standard ap
proaches for calculating the spectral function:within the
imaginary-time formalism{ITF) by summation over discrete
Matsubara frequenciesii) within the real-time formalism
(RTF), where the energy is considered as a real and contin

ous variablg92]. One great advantage of the approdith . .
lies in the fact that it can be easily connected to the nonequi- (9 The retarded self-energy is Fourier transformed back

librium situation. Therefore, we will use for our further de- Nt0 €Nergy-momentum space, o) and separated into its
velopments the real-time formalism as familiar from non-r€al part R&%(p,po) and its imaginary part, which is re-
equilibrium calculations. We recall that the perturbative!ated to the width a¥'(p,p)=—2 ImX"(p,po).

calculation of the sunset graph has been given in various (6) Calculating, furthermore, the purely real tadpole self-

works [99—103. Very recently a first self-consistent treat- energy ? the spectral function is given as

Thus the retarded self-energy is calculated in the mixed
representation by explicit introduction of a step-function in
relative time. As we will discuss below this is the main ad-
vantage of our scheme because it guarantees analyticity and
Jhus the normalization of the self-consistent spectral func-
tion.

I'(p,po)
[p3—p?—m?— m?—3°—ReXR(p,po) 12+ T2(p,po)/4’
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Here, in addition to the initial physical mass the mass with an explicit ®-function in relative time, analyticity is
countertermssm?= 5mt2ad+ 5m§un enter and have to be cal- imposed automatically, i.e., the real part R&p,p,) and
culated independentlysee Appendix B The expression the imaginary part IfER(p,p,) of the retarded self-energy
(D2) for the spectral function is valid in general within a first in energy-momentum space are connected by a dispersion
order gradient expansion of the transport equation and igelation. Furthermore, the spectral functiéris normalized
exact in equilibrium [81]. It is obtained asA(p.po)  accordingly. This is not the case for some schemes that ob-
=—21mGR(p,p,) from the Green function that solves the tain the real part and the imaginary part of the retarded self-

retarded Dyson-Schwinger equatith15. energy by different methods. Here problems with the normal-
(7) Now we can determine the Wightman functioBS,  ization of the spectral function and analyticity may arise.
G~ in the next iteration step in energy-momentum space by ater on we will illustrate this point in detail.
the relations A further advantage lies in the fact that our method, espe-
cially in combination with the Fourier prescription for the
iG=(P,Po) =NegPo. T) A(P,Po), momentum integrals, is computationally fast in comparison

to standard procedures of calculating multidimensional mo-
. mentum integrals. Furthermore, due to the spherical symme-
IG7(P,Po) =[1+ Neg(Po, T) ] A(P,Po)- (D3)  try of the equilibrium state it can be performed very effi-
ciently. Moreover, it is easily applied to all temperatures and
chemical potentials, i.e., as long as the distribution function
Ned(Po.T,u) is specified.

Our scheme is appropriate for simple self-energies, as for
example the sunset diagram. Basically it is applicable also
for more complex diagrams since it always reduces the num-
ber of necessary integrations. The whole procedure profits
from the fact that the appearing convolution integrals in mo-
mentum and energy correspond to ordinary products of
(D4) coordinate-space functions. Thus the required integrations to
obtain the self-energy can be reduced considerably. In case
of the sunset diagram, that has only two external points
@iven by the coordinates of the self-enerdput no internal

The separation of the Wightman functions into distribution
functionsN and spectral functiom is always possible and
well-known from the derivation of transport equatidi®d].
We recall that in thermal equilibrium the distribution func-
tion N only depends on the energy varialdg and is inde-
pendent of the momenta. It is given—for the scalar
theory—by the Bose distribution

NedPo ™ explpo ) 1

at equilibrium temperatur&. The method is not restricted to
finite temperature, but can be easily extended to finite densi=', . ) . .
oints, integrations can be avoided completely besides the

ties. The presence of conserved quantities, as given for ) 9 i .
charged complex scalar theory in the most simple case, ¢ ourier transformation itself. For more complicated diagrams

be accounted for by inclusion of a corresponding chemicaf"® has to integrate over the space-time coor_dinates of all

potential x in the Bose distribution function. In thermal ![rr:ternzil p0||nts._Nteverth§Iers]s, :It Igz.iSt the ::tpr:_trlbtgtlons from

equilibrium the Wightman functions are connected by the € extérnal points can be handled in a muftiplicative manner

Kubo-Martin-SchwingeKMS) periodicity condition rather than performing time consuming energy-momentum
integrations.

G~ (p,Po)=EXP(Po/T)G=(p,Po) (D5) When discussing the range of applicability of our method
one should note as well, that it is mainly suited for field
as inherent in the relationd3). The same holds for the theories that are void of complicated renormalization pre-
collisional self-energies at finite temperature. Thus the calcuscriptions. In our case op* theory in 2+1 space-time di-
lations take slightly less effort than implied above. mensions the renormalization can be done by simple mass
By calculating the new Green functions in stéf) we  counterterms since only the pure vacuum contributions of
have closed the iteration loop. The iteration procedure is reboth self-energies diverge. This mass renormalization
entered at stef?), where the new Green functions are trans-scheme can be easily included in the iteration procedure as
formed to relative time space in order to calculate the correseen by the representation for the spectral functi®®?). In
sponding new collisional self-energies. The alternatingcases of diverging diagrams, that contain temperature depen-
calculation of the Green functioG=< and of the spectral dent parts, the renormalization procedure is much more in-
function A is performed until self-consistency is reached. volved[93,94. In such situations our method might be com-
The scheme proposed above has one central advantageglicated significantly.
comparison to the related approach given in R&€03]. In In the following we show the actual results calculated
that case an iteration loop between the Green function an@ithin the self-consistent scheme described above. The tad-
the spectral function or—to be more precise—the width ispole self-energy as well as the retarded sunset self-energy are
used as well. The width is determined from the imaginaryincluded self-consistently using the renormalization prescrip-
part of the collisional self-energies directly in energy-tion of Appendix B. In Fig. 20 the width' is displayed as a
momentum space and inserted into the equation for the spefiinction of the energyp, for four different momentum
tral function. The real part, however, is either neglected omodes|p|/m=0, 2, 4, 6 for a temperature &f/m=1.835
calculated by a dispersion relation in energy. The improveand a coupling constant aff m=18. This configuration cor-
ment of our method lies in using the mixed representationresponds to the thermalized state obtained by the time evo-
Since the retarded self-energy is calculatedpnA¢) space lution of the polar symmetric initial momentum distributions
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FIG. 20. Self-consistent widttisolid line§ and perturbative energy p,/m

width (dashed linesas a function of the energy,/m for various
momentum mode§p|/m=0, 2, 4, 6 for a thermal system at tem-
perature T/m=1.835 with coupling constank/m=18. For the
highest momentum mod@|/m=6 of the perturbative calculation,
the collision contribution (2»2) and the decay contribution
(1< 3) to the width are explicitly displayed.

FIG. 21. Self-consistent spectral function as a function of the
energyp, /m for various momentum modép|/m=0, 2, 4, 6 for a
thermal system at temperatufém= 1.835 with coupling constant
N'm=18 (solid lineg. Furthermore, spectral functions as obtained
in a perturbative calculation wittdotted lineg and without(dashed
lines) inclusion of the real part of the retarded self-energy are

D1, D2, D3, and DT in Sec. Ill. For comparison we present,shown in comparison.

furthermore, the width as obtained by a perturbative calcula- = . .
tion (as indicated by the dashed lipder the same momen- culation have been washed out considerably. The kink struc-

tum modes, and with the same external param@fensd A tures resulting from threshold effects slightly disappear since
The results,have been obtained with (Iself-consisterjtef.— the (broad spectral function reenters the evaluation in this

fective massn,, /m=1.490 on the tadpole level, i.e., by the iteration scheme. Furthermore, also the position of the first

iterative solution of the tadpole gap equation. This is in thehaximum can be moved, as seen especially for the low mo-

spit of Wang and Heing 01 who firsty determined the - (R R0 oo 20 L e 0 e e by the
effective mass in lowest ordéalso in a self-consistent way y

and inserted this mass in the following into the expressionéadeIe self-energy ar_1d the real part of the _retarded sunset
for the width calculated within the next order. We see fromself-gnergy. Overal.l, Fig. 20 ShO.WS. t_hat the width in thg self-
Fig. 20 that the perturbative width shows a simil@wo consistent calculation can be significantly larger than in the

maima shape for sl momentum oo he guen case  CONESPONANG perbaive esimate, However, e difer
of m*<Tgy). It is characterized by an increase towards a : . s piing n ag
ment with results obtained within the classical approximation

maximum around the on-shell energy; = yp*+m*  and [104].
falling off beyond. This behavior stems from the-2 pro- In Fig. 21 we present the corresponding spectral functions
cesses in the self-energies as indicated for the highest mey the system at temperatufém=1.835 and coupling con-
mentum modelp|/m=6 by the thin line. Particles can be gtant\/m=18. The spectral functions are displayed as a
scattered by other particles—present in the system at finitg,nction of the energy for the same four momentum modes
temperature—such that they achieve the shéeaiisiona)  of |p|/m=0, 2, 4, 6. We observe that the larger width of the
damping width. This collision contribution vanishes for a f)| self-consistent calculatiofsolid lineg in comparison to
system at temperatufie=0. Furthermore, particles with suf- the perturbative resutdashed lines in Fig. 2Teflects itself
ficient energy can decay into three other particles. Above thg, 5 slightly broader spectral function. Furthermore, the per-
threshold ofpg (p) = Vp?+(3m*)2 these 13 processes turbative spectral function is located at higher energies com-
lead to an increase of the widtlas marked for the highest pared to the full result, in particular for the low momentum
momentum mode by the second thin linEinally, the width  modes. This is due to the fact that in the perturbative calcu-
I' decreases for larger energies and assumes a momentuation the effective mass of the particles is fixed before
independent constant value in the high energy limit. Thisevaluating the width by a solution of the tadpole gap equa-
behavior is in contrast to the case of B dimensions, where tion. Mass modifications due to the interactions of higher
the width shows a monotonous increase for very high enererder are neglected within this approximation in line with
gies. Ref.[101], where the spectral function is determined solely
In comparison, the width calculated within the self- by the imaginary part of the retarded self-energy. On the
consistent scheme shows a similar two maximum shapether hand, the reduction of the effective mass due to the real
Here, both processes are incorporated although they cannpért of the retarded sunset self-energy is included in the self-
be separated easily due to the self-consistent iteration. Agzonsistent approach leading to a shift of the spectral function
parently, the sharp structures present in the perturbative catraxima to lower on-shell energies. Moreover, the tadpole
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mass shift is not fixed in that calculation but modified during s LI B B B B B B B S S B B B
the iteration process as well. In the present case the momen 70
tum and energy independent tadpole mass shift within theq_ !
self-consistent second order calculation is given as: = 601
AmZ /m?=1.094 in comparison to the value obtained for the ]
first order calculation by the tadpole gap equation of
Am2 /m?=1.220. This indicates already a shift of the spec-
tral function to lower on-shell energies although the size is
small compared to the effect coming from the second order
self-energy. Thus both spectral functions are getting closer § 20
again for higher momenta where the sunset mass shift is * ]
smaller. ]
At this point we emphasize that the spectral function ob- 0 =
tained by the self-consistent scheme obeys the normalizatior
condition to high accuracy4.6). This is not the case for a
perturbative calculation where only the imaginary part of the
retarded self-energy is taken into account as in RE®1]. FIG. 22. Spectral functions of three momentum mofg4T
When inserting only the expression for the width into the—o.0, 0.5, 1.0 for different coupling constatT=2, 2.5, 3, 3.5,
equilibrium form of the spectral function but neglecting the 4, 4.1, 4.2, 4.25, 4.265 as a function of energy for the massless case
real part of the retarded self-energy, the normalization conm=0. With increasing coupling./T the spectral function of the
dition may be violated strongly. In the present perturbativezero momentum mode becomes broader and moves to lower
calculation the correct normalization is underestimated byenergies.
~20% for the small momentum modes. Thus these kinds of
spectral functions, furthermore, strongly violate the desiredne with finite masses for moderate couplings. This is the
analyticity properties. In order to show the importance of thecase due to the generation of an effective thermal mass by
real part of the retarded self-energy even on the shape of tibe leading tadpole diagram as suggested in Re&f8]. We
spectral function we present in Fig. 21 a calculation whichnote that there is a logarithmic divergence in the infrared
takes this contribution explicitly into account. Calculating sector for the sunset self-energy in vacuum ferl2dimen-
the complete retarded self-energy perturbatively with an efsions[see Eq(B2)] and thus a subtlety, which we have cured
fective mass ofnf,y;/m=1.490 yields the spectral function by evaluating the vacuum counterterm in our renormalization
displayed for the same momentum modes with dotted linesdescription at a very small but finite mass.
We see that the shape of the spectral function is strongly In the following we concentrate on the structure of the
affected in particular for the small momentum modes. Thespectral function with respect to the coupling strengtfi.
inclusion of the real part causes a significant shift of theln Fig. 22 the spectral function of three low momentum
spectral function downwards to lower energies. Since thénodes|p|/T=0.0, 0.5, 1.0 for various coupling constants
width is smaller in that regiorisee Fig. 20, the spectral A/ T=2, 2.5, 3, 3.5, 4, 4.1, 4.2, 4.25, 4.265 as a function of
function assumes—especially for the low momentumenergyp,/T is displayed. Since the temperature represents
modes—a much narrower shape. Nevertheless, the inclusidhe scale for the massless case, we give all quantities in units
of the real part of the retarded self-energy leads to a propesf T. We find that the spectral function is shifted to larger
normalization of the corresponding spectral functions. Stillenergies with increasing and still moderate coupling strength
there is a significant disagreement between the improved petA/T<3.5). However, in the strong coupling regime/T
turbative (dotted ling and the self-consistent solutigaolid ~ >3.5) especially the spectral function of the zero momentum
line). mode moves downward again, leading to a major reduction
As the final part of this appendix we consider the case obf the effective mass. Simultaneously, the spectral width
massless scalar fields in the Lagrangfarl). The dynamics grows with the coupling constant/ T. Thus for large cou-
of massless quantum field theory has been extensively diglings the on-shell width becomes comparable to the effec-
cussed over the last years especially for the dynamics of théve mass(as given by the maximum position of the zero
soft, infrared modes which might be described by classicamode spectral function
wave dynamics. In particular the diffusion rate of the topo- To summarize our findings we show in Fig. 28pper
logical charge in electroweak theory has been calculategar) the evolution of the on-shell energy of the zero momen-
within classical simulation$105]. The connection between tum mode as a function of the coupling constant. The
classical and quantal correlation functions has then beeeffective mass—as given by the maximum of the spectral
worked out in a variety of papefd06]. Also it was shown function—increases with\/T up to moderate couplings
recently withing* theory that the classical wave dynamics is \/T~3.5 which is—as already discussed for the nonzero
equivalent to a standard Boltzmann description for the softnass case—essentially an effect of the mass generation by
modes when including the correct Bose statistics and stayinthe tadpole self-energy. For larger couplingsT>3.5 the
in the weak coupling regimglL07]. contribution from the retarded self-energy plays a more im-
From our (numerica) studies we find no qualitative dif- portant role and results in a decrease of the effective mass.
ference in the dynamics of massless fields compared to thEhe reduction of the effective mass becomes rather strong
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as seen from Fig. 28middle parj. While the width grows
smoothly with the coupling constant for moderate couplings,
we find a strong steepening in the high coupling regime as
well. Thus the zero mode spectral function for high coupling
constants becomes extremely broad with an on-shell width
comparable to or even larger than its effective mass.

As seen from Fig. 23 the evolution of the self-consistent
spectral function in the strong coupling regime becomes sin-
gular and critical, such that the iteration processes do not
lead to a convergent result farm~4.266. We address this
effect to the onset of Bose condensation. In order to illustrate
this interpretation we show in Fig. ZBwer par} the change
of the effective occupation numbé¢as obtained from the
equal-time Green function.29] with the coupling\/T for
four different momentum modelp|/T=0.0, 0.5, 1.0, 1.5.
Whereas the effective particle number of the higher momen-
tum modes remain approximately constant, the occupation
number of the zero momentum mode changes rapidly for
N/T>4.26 indicating a preferential occupation of the con-
densate mode for higher couplings.

We recall that such an onset of a Bose condensation is
possible for the massless relativistic theory it 12 space-
time dimensions. Although the effective mass is not identical
to zero we observe significant spectral support at low ener-
gies due to the broad spectral functions for the strongly in-
teracting system. We note that in the present description the
system has to stay in the symmetric phase, where no coher-
ent field can develop. However, when including additionally
a nonvanishing field expectation val(i49], the symmetry
will be broken and the system might enter a new phase. A
detailed investigation of the issue we delay to a future study.

APPENDIX E: STATIONARY STATE OF THE
BOLTZMANN EVOLUTION

In Secs. Il and IV we have described the characteristics
of equilibration within the full Kadanoff-Baym theory. In
this appendix we additionally show the nonequilibrium evo-
lution in the Boltzmann limit and in particular work out the
differences in both approaches.

In Fig. 24 we present the time evolution of various mo-
mentum modes for the initial momentum space distributions
D1, D2, D3 within the Boltzmann equation. In these calcu-
lations the effective on-shell energies are determined by in-
cluding the time-dependent renormalized tadpole self-energy.
The distributions D1, D2, D3 have been modified relative to
our study of the Kadanoff-Baym dynamics in Sec. Ill such
that they(i) have the same energy density with respect to the
modified total energywhere all sunset contributions are ab-
sen} and (ii) are self-consistent with respect to the effective
tadpole mass in order to avoid strong initial oscillations in-

the occupation number of the zero momentum mode grows considduced by a sudden change of the on-shell energies at very

erably in contrast to higher momentum modkesver plof) indicat-

ing the onset of Bose condensation f0iT>4.26.

early times. For completeness we note, that the initial effec-
tive masses are determined by the solution of a gap equation
taking into account the energy- and momentum-independent

for couplingsA/T=4.25 indicating a significant shift of the tadpole self-energy for the given initial momentum distribu-

corresponding self-consistent spectral function to smaller ertion.

ergies. This behavior is accompanied by a strong increase of We see from Fig. 24 that the time evolution given by the

the on-shell widthy,(|p|=0) of the zero momentum mode on-shell Boltzmann approximation deviates in several as-
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; oo FIG. 25. Distribution functionF as a function of the time-
iy S ] dependent on-shell energyy(t) for various timeg - m= 25, 50, 75,

N(p.t)

0.6 100, 150, 200, 300, 500 starting from an initial configuration D1
with coupling constank/m=18. For large times a thermal state—
0'4: characterized by a straight line in this representation—is reached
[ 38 PRSP T LI R with temperatureT/m=1.260 and finite chemical potential/m

0_0::::::::::::::::::::;"' =1.297 as indicated by the fitting functigdotted lines.
-0.2- i

: . . T . Baym dynamics since the full spectral function is taken into
0.1 1 10 100 1000 Lo
T i T T - account. For the on-shell Boltzmann approximation, how-
0.8- 1 ever, the particle number is strictly conserved and thus the
Aim =18 initializations D1, D2, D3, that contain different number of
particles, cannot approach the same final state. Accordingly,
the stationary state of the nonthermal initializations D1, D2,
| D3 exhibits a finite chemical potentigdee below. Without
4y . explicit representation we note that the self-consistent initial
configuration DT is already the thermal state of the Boltz-
mann equation and all momentum modes remain constant in
time, whereas within the Kadanoff-Baym dynamics the
“free” thermal initialization DT evolves in time due to the
generation of correlationsee Sec. IV A
o 1 0 100 1000 Ir_1 order to demonstrate, that the time evolution on the
. basis of the Boltzmann equation leads to a thermal state of
time tm quasiparticle excitations, we show in Fig. 25 the on-shell
distribution N(p,t) as a function of the time-dependent on-
shell energywp,(t) for various timest-m=25, 50, 75, 100,
150, 200, 300, 500 for the initialization D1 and coupling
strengthA/m=18. We have displayed the quantity

0.6

N(p.t)

0.2

0.0 Jeessssamnas p————LT -

FIG. 24. Time evolution of momentum modfg/m=0.0, 0.8,
1.6, 2.4, 3.2, 4.0 of the distribution functidnfor initializations D1
(upper ploj, D2 (middle ploY, and D3 (lower ploY in the Boltz-
mann approximation fox/m= 18. All initial configurations(of the
same energyequilibrate, but lead to different stationary stafeste
the different scalas F(p,t)=In[1+1/N(p,t)] (ED

pects from the Kadanoff-Baym dynamics. At first we find in order to obtain a straight line with slopeTland intersec-
that in case of the Boltzmann equation the equal-energy inition point —u/T in case of a Bose distributiorN

tial distributions D1, D2, and D3 equilibrate towards differ- = 1{ex (w,—n)/T]—1} with temperaturel and chemical
ent stationary states for-oo. This can directly been read off potentialu. We see from Fig. 25 that the distribution at early
from Fig. 24 when comparing the final occupation numberdimes {-m=25) is small for very low and very high mo-
of the various momentum modes. This behavior is in contrasinenta as reflected by the high values of the quaiiy the

to the Kadanoff-Baym evolution where all initial distribu- low and high energy regime. The particle accumulation at
tions with the same energy reach a common stationary stafanite momentum for initialization D1 see Fig. 3(lower
(see Fig. 4 As pointed out in Sec. IV D this is an effect of parf] shows up as a small dip in the curve. In course of the
the chemical equilibration mediated by particle number nontime evolution these structures slowly vanish such that fi-
conserving processes, which are included in the Kadanoffrally a straight line is reache@ee lines fott- m=300, 500
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indicating that the stationary limit is indeed a thermal distri-ticles such that the final temperature is considerably lower.
bution (at temperaturd/m=1.260). However, the chemical Thus, in general, the Boltzmann approximation does not
potential of the stationary distribution is nonvanishing—asdrive the system to the proper equilibrium state of the neutral
recognized by the nonzero intersect of the dotted fitp* theory, which is characterized by a vanishing chemical
function—as w/m=1.297. The initializations D2, D3 potential.

achieve different asymptotic temperatures which are given Furthermore, we see from Fig. 24 that in the Boltzmann
by T/m=1.562 for D2 andl/m=2.218 for D3. The chemi- limit the momentum modes evolve monotonically in time;
cal potential of the stationary state for these distributions ighere is no overshooting of the stationary limit as observed in
nonzero as well and has the valyean=0.658 for D2 and the Kadanoff-Baym picturésee Fig. 4 Thus the nonmono-
ul/m=—0.521 for D3. We recall, that systems with large tonic behavior shows up as a quantum phenomenon that is

chemical potential distribute the total energy on many parmissing in the semiclassical treatment.
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